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JAE-HYUN YANG 

Abstract. In this paper, we discuss the theory of the Siegel modular variety in the aspects 
of arithmetic and geometry. This article covers the theory of Siegel modular forms, the 
Hecke theory, a lifting of elliptic cusp forms, geometric properties of the Siegel modular 
variety, (hypothetical) motives attached to Siegel modular forms and a cohomology of the 
Siegel modular variety. 
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1. Introduction 

For a given fixed positive integer g, we let 

= { 17 G I 17 = Iml7>0} 

be the Siegel upper half plane of degree g and let 

Sp{g,R) ={M e m(29.2s) I tMJgM = Jg } 

be the symplectic group of degree g, where F^'^'^^ denotes the set of all k x I matrices with 
entries in a commutative ring F for two positive integers k and /, *M denotes the transposed 
matrix of a matrix M and 

•^^=(4 o)- 

Then Sp{g, M) acts on Mg transitively by 

(1.1) M -^1 = {An + B){cn + Dy\ 

where M = (^^ ^ e Sp{g,R) and n e Mg. Let 

= Sp{g, = I ^) G Sp{g, M) | A, B, C, D integral 

be the Siegel modular group of degree g. This group acts on Mg properly discontinuously. 
C. L. Siegel investigated the geometry of Mg and automorphic forms on Mg systematically. 
Siegel |131j found a fundamental domain J^g for rg\Mg and described it explicitly. Moreover 
he calculated the volume oOFg. We also refer to [67], [92], |131j for some details on Fg. Siegel's 
fundamental domain is now called the Siegel modular variety and is usually denoted by Ag. 
In fact, Ag is one of the important arithmetic varieties in the sense that it is regarded as 
the moduli of principally polarized abelian varieties of dimension g. Suggested by Siegel, 
I. Satake |118j found a canonical compactification, now called the Satake compactification 
of Ag. Thereafter W. Baily f6] proved that the Satake compactification of Ag is a normal 
projective variety. This work was generalized to bounded symmetric domains by W. Baily 
and A. Borel [7] around the 1960s. Some years later a theory of smooth compactification of 
bounded symmetric domains was develpoed by Mumford school [5J. G. Faltings and C.-L. 
Chai [31j investigated the moduli of abelian varieties over the integers and could give the 
analogue of the Eichler-Shimura theorem that expresses Siegel modular forms in terms of 
the cohomology of local systems on Ag. I want to emphasize that Siegel modular forms play 
an important role in the theory of the arithmetic and the geometry of the Siegel modular 
variety Ag. 

The aim of this paper is to discuss a theory of the Siegel modular variety in the aspects 
of arithmetic and geometry. Unfortunately two important subjects, which are the theory of 
harmonic analysis on the Siegel modular variety, and the Galois representations associated 
to Siegel modular forms are not covered in this article. These two topics shall be discussed 
in the near future in the separate papers. This article is organized as follows. In Section 2, 
we review the results of Siegel and Maass on invariant metrics and their Laplacians on Hg. 
In Section 3, we investigate differential operators on invariant under the action (1.1). 
In Section 4, we review Siegel's fundamental domain Fg and expound the spectral theory 
of the abelian variety ^4^2 associated to an element Vt oi Fg. In Section 5, we review some 
properties of vector valued Siegel modular forms, and also discuss construction of Siegel 
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modular forms and singular modular forms. In Section 6, we review the structure of the 
Hecke algebra of the group GSp{g, Q) of symplectic similitudes and investigate the action 
of the Hecke algebra on Siegel modular forms. In Section 7, we briefly illustrate the basic 
notion of Jacobi forms which are needed in the next section. We also give a short historical 
survey on the theory of Jacobi forms. In Section 8, we deal with a lifting of elliptic cusp 
forms to Siegel modular forms and give some recent results on the lifts obtained by some 
people. A lifting of modular forms plays an important role arithmetically and geometrically. 
One of the interesting lifts is the so-called Duke-Imamo^lu-Ikeda lift. We discuss this 
lift in some detail. In Section 9, we give a short survey of toroidal compactifications of 
the Siegel modular variety Ag and illustrate a relationship between Siegel modular forms 
and holomorphic differential forms on Ag. Siegel modular forms related to holomorphic 
differential forms on Ag play an important role in studying the geometry of Ag. In Section 
10, We investigate the geometry of subvarieties of the Siegel modular variety. Recently 
Grushevsky and Lehavi |46j announced that they proved that the Siegel modular variety 
^6 of genus 6 is of general type after constructing a series of new effective geometric divisors 
on Ag. Before 2005 it had been known that Ag is of general type for g > 7. In fact, in 
1983 Mumford [103] proved that Ag is of general type for g > 7. Nearly past twenty years 
nobody had known whether Ae is of general type or not. In Section 11, we formulate the 
proportionality theorem for an automorphic vector bundle on the Siegel modular variety 
following the work of Mumford (cf. |102j ). In Section 12, we explain roughly Yoshida's 
interesting results about the fundamental periods of a motive attached to a Siegel modular 
form. These results are closely related to Deligne's conjecture about critical values of an 
L-function of a motive and the (pure or mixed) Hodge theory. In the final section, we recall 
the definition of a Shimura variety and give some remarks on the cohomology of Shimura 
varieties. 

In person I am indebted to C. L. Siegel, one of the great mathematicians of the 20th 
century for introducing me to the beautiful and deep area even though I have never met 
him before. Finally I would like to give my hearty thanks to Hiroyuki Yoshida for explaining 
his important work kindly and sending two references |162l I163j to me. 

Notations: We denote by Q, M and C the field of rational numbers, the field of real 
numbers and the field of complex numbers respectively. We denote by Z and Z"*" the ring of 
integers and the set of all positive integers respectively. The symbol ":=" means that the 
expression on the right is the definition of that on the left. For two positive integers k and /, 
denotes the set of sdl kxl matrices with entries in a commutative ring F. For a square 
matrix A G F^^'^'f of degree /c, a{A) denotes the trace of A. For any M G F^^'^\ *M denotes 
the transposed matrix of M. /„ denotes the identity matrix of degree n. For A E F^'^'^) 
and B G pi^'^)^ we set B[A] = ^ABA. For a complex matrix A, A denotes the complex 
conjugate of A. For A G C^*''') and B € C'^'^''^^ we use the abbreviation B{A} = *ABA. For 
a number field -F, we denote hy the ring of adeles of F. li F = Q, the subscript will 
be omitted. We denote by A^j and Aj the finite part of Aj? and A respectively. By Q we 
mean the algebraic closure of Q in C. 
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2. Invariant Metrics and Laplacians on Siegel Space 

For = {uJij) G Mg, we write = X+iY with X = (xij), Y = {yij) real and dQ = {duJij] 
We also put 

d ^l + Si, d \ ^ d fi + 5i, d 

' and —= — ' 



on \ 2 dujij J dn \ 2 dujij 

C. L. Siegel |131j introduced the symplectic metric ds^ on invariant under the action 
(1.1) of Sp{g,U.) given by 

(2.1) ds^ = a{Y-'^dnY-^dn) 

and H. Maass [H] proved that its Laplacian is given by 



(2-2) A=4a(y*(yA') 



on J on 

And 

(2.3) dvg{Q) = {detY)-^s+^'^ J] dx,, J] dy^j 

is a S'p((jr, M)-invariant volume element on Mg (cf. |133j . p. 130). 

Theorem 2.1. (^Siegel |131j ). (1) There exists exactly one geodesic joining two arbitrary 
points r^o, 0,1 in Mg. The length p{0,Q,0,i) of this geodesic is given by 



2^ 



1 - R{no,ni)2 J 

where R{fli,il.2) is the cross-ratio defined by 

(2.5) R{ni, Qo) = (i7i - no){ni - Qor^{Tii - T}o){Tii - no)~^. 

(2) For M € Sp{g,M), we set 

Q.Q = M -Q.^ and = M ■ ^i. 

Then R{Qi,i}o) o,nd R{Q.i,^q) have the same eigenvalues. 

(3) All geodesies are symplectic images of the special geodesies 

(2.6) a{t) = idiag{a\,a\,- ■ ■ ,a^g), 

where oi , 02 , • • • , are arbitrary positive real numbers satisfying the condition 

a 

^ (logOfc)^ = 1. 
k=l 

The proof of the above theorem can be found in |131j . pp. 289-293. 
Let 

]D)g = ^W e \W =^W, Ig- WW > } 
be the generalized unit disk of degree g. The Cayley transform ^ : Dg — > Mg defined by 

(2.7) ^{W)=i{lg+W){lg-W)~\ W£Dg 
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is a biholomorphic mapping of Dg onto Mg which gives the bounded reahzation of Mg by 
(cf. |131j ). A. Koranyi and J. Wolf [TO] gave a reahzation of a bounded symmetric 
domain as a Siegel domain of the third kind investigating a generahzed Cayley transform 
of a bounded symmetric domain that generahzes the Cayley transform ^ of D^. 

Let 



(2.8) r=^f.{9 

be the 2g x 2g matrix represented by ^. Then 

P Q 



(2.9) T-'Sp{g,R)T 



PP - 'QQ = Ig, 'PQ = 'QP 



P Q 
Q P 



Indeed, if M = G Sp{g,R), then 

(2.10) T'^MT 
where 

(2.11) p = \^^i^A + D)+i{B-C)] 
and 

(2.12) Q = i|(A_I))_ i(ij + C)}. 
For brevity, we set 

= T-^Sp{g,M.)T. 
Then G=k is a subgroup of SU{g,g), where 



SU{g,g) = {heC'^^'^'>\'hIg,gh = Ig,g}, ^,= ^0^ 

In the case g = 1, we observe that 

T-^Sp{l,R)T = T-^SL2iR)T = SU{1, 1). 
If (7 > 1, then G=k is a proper subgroup of SU {g, g). In fact, since ^TJgT = — i Jg, we get 

(2.13) G, = [heSU{g,g)\ 'hJgh = Jg} = SU{g, g) n Sp{g,C), 

where 

Sp{g,C) = [a£ C(29'29) \taJga = Jg |. 

Let 



Ig Z 

/, 



be the P+-part of the complexification of G* C SU{g, g). We note that the Harish-Chandra 
decomposition of an element ^ j in is 



P Q\^(lg QP~'\(P-QP-'Q 0\(Jg_ 

Q Pj \0 Ig J\ Pj \P 'Q Ig 
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For more detail, we refer to [73, p. 155]. Thus the P+-component of the following element 

'P Q\ fig 



Q PJ \0 I,J' ^^'^^ 
of the complexification of G'l is given by 

(2.14) (^^9 {PW + Q){QW + P)-^ 

We note that QP e Bg. We get the Harish-Chandra embedding of Bg into P+ (cf. ^ 
p. 155] or [1211 pp. 58-59]). Therefore we see that acts on Dg transitively by 

(2.15) f| fj-W = {PW + Q){QW + P)-\ (I §]eG.,WeBg. 

The isotropy subgroup of at the origin o is given by 

'P 



P 



P e U{g) 



Thus G-t/K^, is biholomorphic to Bg. It is known that the action (1.1) is compatible with 
the action (2.15) via the Cayley transform ^ (cf. (2.7)). In other words, if M G Sp{g,M.) 
and W ^Bg, then 

(2.16) M ■ -^{W) = ^'(M, • W), 

where = T-^MT G G^. 

For W = {wij) G Dg, we write dW = (dwij) and dW = (dwij). We put 

d f l + 5ii d \ 1 d f l + 5^j d 

' and ^= — ' 



dW \ 2 dwij J dW \ 2 dwij 

Using the Cayley transform : Bg — > Mg, Siegel showed (cf. [131j ) that 

(2.17) dsl = 4.a({Ig - WW)'^dW {Ig - WW)-^dW 



is a G^=-invariant Riemannian metric on Bg and Maass [91] showed that its Laplacian is 
given by 

(2.18) A^= a{{Ig- WW) * (/g - WW) 



dW J dW ^ 

3. Invariant Differential Operators on Siegel Space 

For brevity, we write G = Sp{g,M). The isotropy subgroup K at ilg for the action (1.1) 
is a maximal compact subgroup given by 

is:=|(^^ A^A + B^B = Ig, A^B = B^A, A,B eR^s^^'^Y 

Let t be the Lie algebra of K. Then the Lie algebra g of G has a Cartan decomposition 
g = 6 © p, where 

p = I (^^ I ^ = Y=% x,Y e m(9'9) I . 
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The subspace p of g may be regarded as the tangent space of BI^ at ilg. The adjoint 
representation of G on g induces the action of K on p given by 

(3.1) k-Z=kZ^k, keK,Zep. 

Let Tg be the vector space of g x g symmetric complex matrices. We let ^ : p — > Tg be 
the map defined by 

(3.2) ^((^ _^^)) = X + ,F, (J J^^p. 
We let 6 : K — > U{g) be the isomorphism defined by 

(3.3) -f))^A + iB. (^ -f)eK, 

where U{g) denotes the unitary group of degree g. We identify p (resp. K) with Tg (resp. 
U{g)) through the map * (resp. 5). We consider the action of U{g) on Tg defined by 

(3.4) h-Z=hZ%, heU{g),ZeTg. 

Then the adjoint action (3.1) of on p is compatible with the action (3.4) of U{g) on Tg 
through the map ip. Precisely for any k E K and w G p, we get 

(3.5) 4){kiu^k) = S{k)'iljiuj)^5{k). 

The action (3.4) induces the action of U{g) on the polynomial algebra Pol(Tg) and the 
symmetric algebra S{Tg) respectively. We denote by Pol{Tg)^(9) ^resp. S{Tg)^^9) ^ the 

subalgebra of Pol(Tp) ^resp. S{Tg)^ consisting of J7((7)-invariants. The following inner 
product ( , ) on Tg defined by 

{Z,W) = iY{ZW), Z,WeTg 
gives an isomorphism as vector spaces 

(3.6) Tg^T^, Z^fz, Z€Tg, 

where T* denotes the dual space of Tg and fz is the linear functional on Tg defined by 

fz{W) = {W,Z), WeTg. 

It is known that there is a canonical linear bijection of S{Tg)^^3) onto the algebra D(]HIg) of 
differential operators on Mg invariant under the action (1.1) of G. Identifying Tg with T* 
by the above isomorphism (3.6), we get a canonical linear bijection 

(3.7) $ : Pol(rg)^(») — > BiMg) 

of Pol(Tg)^(3) onto D(Hg). The map $ is described explicitly as follows. Similarly the 
action (3.1) induces the action of K on the polynomial algebra Pol(p) and S{p) respec- 
tively. Through the map ip, the subalgebra Pol(p)^ of Pol(p) consisting of X-invariants is 
isomorphic to Pol(rg)^(^'). We put N = g{g + 1). Let {^^ | 1 < a < iV } be a basis of p. If 
P e Pol(p)^, then 



(3.8) {^{P)f){gK) 




gexp 




(ta)=0 
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where / G C°°{Mg). We refer to [MIES] for more detail. In general, it is hard to express 
$(P) explicitly for a polynomial P G Pol(p)^. 



According to the work of Harish-Chandra [471 148j . the algebra ©(Elg) is generated by g al- 
gebraically independent generators and is isomorphic to the commutative ring C[xi, ■ ■ ■ , Xg] 
with g indeterminates. We note that g is the real rank of G. Let qc be the complexification 
of 3. It is known that D(]HIg) is isomorphic to the center of the universal enveloping algebra 
of 0c (cf.[130j). 

Using a classical invariant theory (cf. [6011147]), we can show that Pol(Tg)^'^^^ is generated 
by the following algebraically independent polynomials 



(3.9) qj{Z)= tTl^{ZZy j, j = l,2,---,g. 

For each j with 1 < j < g, the image ^{qj) of qj is an invariant differential operator on 
Mg of degree 2j. The algebra ©(H^) is generated by g algebraically independent generators 
$(gi), $(^2), • • • , ^{qg)- In particular, 

(3.10) ^{qi) = citr *^y^^ for some constant ci. 

We observe that if we take Z = X+i Y with real X, Y, then qi{Z) = qi{X, Y) = ti{X'^+Y'^) 
and 

q2{Z) = q2iX,Y) = tT((X^+Y^?+ 2X(XY -YX)y). 



We propose the following problem. 
Problem. Express the images ^{qj) explicitly for j = 2,3, • • • ,g. 

We hope that the images ^(qj) for j = 2,3, ■ ■ ■ ,g are expressed in the form of the trace 
as $(gi). 

Example 3.1. We consider the case g = 1. The algebra Pol(Ti)^(^) is generated by the 
polynomial 

q{z) = zz, z £ C 

Using Formula (3.8), we get 
Therefore D(]Hi) = C[^{q)] . 

Example 3.2. We consider the case g = 2. The algebra Pol(T2)'^^^^ is generated by the 
polynomial 

qiiZ)=a{ZZ), q2{Z)= aii^Zzf), Z G Ts. 

Using Formula (3.8), we may express <&(gi) and ^{q2) explicitly. $(gi) is expressed by 
Formula (3.10). The computation of $((72) might be quite tedious. We leave the detail to 
the reader. In this case, $(92) was essentially computed in [19], Proposition 6. Therefore 
D(El2) =C[^{qi), ^{q2)] ■ The authors of [ISj computed the center of U{qc)- 



THEORY OF THE SIEGEL MODULAR VARIETY 



9 



4. Siegel's Fundamental Domain 



We let 




Y G I y = > 



be an open cone in M with N = g(g + l)/2. The general linear group GL{g,M.) acts on Vg 
transitively by 



Thus Vg is a symmetric space diffeomorphic to GL{g,R.)/0{g). 

The fundamental domain TZg for GL[g,'L)\Pg which was found by H. Minkowski [98] is 
defined as a subset of Vg consisting of y = [yij) G Vg satisfying the following conditions 
(M.1)-(M.2) (cf. [67] p. 191 or [92] p. 123): 

(M.l) aY^a > ykk for every a = [a.j) G in which a^, • • • ,ag are relatively prime for 
fc = 1,2,--- ,5- 

(M.2) yfc,fc+i>0 for A; = l,--- ,5-1. 

We say that a point oiTZg is Minkowski reduced or simply M-reduced. TZg has the following 
properties (R1)-(R4): 

(Rl) For any Y £ Vg, there exist a matrix A £ GL{g,7j) and i? G such that 
y = R[A] (cf. [67] p. 191 or [92] p. 139). That is, 



(R2) TZg is a convex cone through the origin bounded by a finite number of hyperplanes. 
TZg is closed in Vg (cf. [92] p. 139). 

(R3) If Y and Y[A] lie in 7^g for A G GL(5, Z) with A 7^ ±/g, then Y lies on the boundary 
dTZg oiTZg. Moreover TZg<r^{TZg[A]) / for only finitely many A G GL{g,Z) (cf. [92] p. 139). 

(R4) If y = {yij) is an element of TZg, then 

yu < y22 < ■ ■ ■ < Vgg and < ^yii for 1 < i < J < 5. 

We refer to [67] p. 192 or [92j pp. 123-124. 
Remark. Grenier [H] found another fundamental domain for GL{g,'L)\Vg. 

For y = (2/ij) GVg,we put 



(4.1) 



5oy :=5y*5. 



GL(5,M), y GPg. 



GL(5,Z)o7^g=P3. 




and 




Then we can see easily that 





We also can see that 



dfig{Y) = (dety)-^ J]dy, 



i<j 
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is a GL{g, M)-invariant volume element on Vg. The metric ds^ on Vg induces the metric ds^ 
on TZg. Minkowski [98] calculated the volume oiTZg for the volume element [dY] := Y\i<j dyij 
explicitly. Later Siegel computed the volume of TZg for the volume element [dY] by a simple 
analytic method and generalized this case to the case of any algebraic number field. 

Siegel |131j determined a fundamental domain J^g for rg\EIg. We say that Q = X -\-iY £ 
Mg with X, Y real is Siegel reduced or S-reduced if it has the following three properties: 

(5.1) det(Im (7 • 17)) < det(Im (f])) for all 7 G T^; 

(5.2) y = Imil is M-reduced, that is, T G 7^g ; 

(5.3) I Xij\ < ^ for 1 < i,j < g, where X — (xij). 

!Fg is defined as the set of all Siegel reduced points in Hg. Using the highest point method, 
Siegel proved the following (F1)-(F3) (cf. [67] pp. 194-197 or [92] p. 169): 

(Fl) Tg-Tg= Mg, i.c., Mg = U^er,7 • ^g- 
(F2) Fg is closed in Mg. 

(F3) J^g is connected and the boundary of J^g consists of a finite number of hyperplanes. 

The metric ds^ given by (2.1) induces a metric ds^ on J^g. 
Siegel |131| computed the volume of J^g 

9 

(4.3) vol(.Fg) = 2n^''r(A:)C(2fe), 

k=l 

where r(s) denotes the Gamma function and C,{s) denotes the Riemann zeta function. For 
instance, 

TT ^3 ^6 ^10 
Vol(.Fl) = — , Vol(.F2) = , Vol(.F3) = , Vol(.F4) = . 

^ ^ 3 ^ ' 270 ^ ^ 127575 ^ ' 200930625 

For a fixed element i7 G Mg, we set 

It follows from the positivity of lm.Vt that Lj^ is a lattice in C^. We see easily that if VL is 
an element of Mg, the period matrix Vt^ := (/g,il) satisfies the Riemann conditions (RC.l) 
and (RC.2) : 

(RC.l) 17,Jg,*f), = 0. 

(RC.2) -isi*jg*n* > 0. 

Thus the complex torus Aq := C^/Lq is an abelian variety. 

We fix an element J7 = X + of Mg with X = Re^ and Y = ImQ. For a pair {A, B) 
with A, B £ , we define the function E^-j^ b ■ — > C by 

En;A,BiZ) = e2-(-(*^^^)+-({^-^^)^-^'V'))^ 
where Z = U + iV is a variable in with real U, V. 

Lemma 4.1. For any A,B£ Z^, the function Eq^-a,b satisfies the following functional 
equation 

En;A,B{Z + >^^ + l^) = En;A,B{Z), Zea 
for all X, fi & 7LP . Thus Eq-a,b can be regarded as a function on Aq. 
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Proof. The proof can be found in [ 157j . □ 
We let L'^{Aq) be the space of all functions / : Aq — > C such that 

|2, 



n := / \f{Z)\'dvn, 
J An 

where dvQ, is the volume element on Aq^ normalized so that dv^ = 1. The inner product 
( , )n on the Hilbert space L'^{Aq) is given by 

{f,9h--= [ f{Z)^dvn, f,g£L\An). 

Theorem 4.1. The set { Eq-a,b \ A, B & "Ij^ } is a complete orthonormal basis for L'^{Aq). 
Moreover we have the following spectral decomposition of Aq: 

L\A^)= C-E^,A,B. 

A,B&s 

Proof. The complete proof can be found in [157J. □ 

5. Siegel Modular Forms 



5.1. Basic Properties of Siegel Modular Forms 

Let /9 be a rational representation of GL{g,C) on a finite dimensional complex vector 
space Vp. 

Definition. A holomorphic function / : Mg — > Vp is called a Siegel modular form with 
respect to p if 

(5.1) /(7 • n) = f{{An + B){cn + d)-^) = p{cn + D)f{n) 

for all G Tg and all G Mg. Moreover if g = 1, we require that / is holomorphic 

at the cusp oo. 

We denote by Mp{rg) the vector space of all Siegel modular forms with respect to Tg. If 
p = det'^ for A; G Z, a Siegel modular form / with respect to p satisfies the condition 

(5.2) f{-fn) = det{cn + D)''f{n), 

where 7 and are as above. In this case / is called a (classical) Siegel modular form on Mg 
of weight k. We denote by Mk(Tg) the space of all Siegel modular forms on of weight k. 

Remark. (1) If p = /9i©p2 is a direct sum of two finite dimensional rational representations 
of GL{g, C), then it is easy to see that Mp{Tg) is isomorphic to Mp^ {Tg)(BMp-^ (^g)- Therefore 
it suffices to study Mp{Tg) for an irreducible representation p of GL{g,C). 
(2) We may equip Vp with a hermitian inner product ( , ) satisfying the following condition 

(5.3) {p{x)vi,V2) = {vi,p{^x)v2), X G GL{g,C), vi,V2e Vp. 

For an irreducible finite dimensional representation {p,Vp) of GL(g,C), there exist a 
highest weight k{p) = (ki, ■ ■ ■ ,kg) G with ki > ■ ■ ■ > kg and a highest weight vector 
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Vp(7^ 0) £ Vp such that 

9 

,o(diag(ai, • • • ,ag))vp = JJ%' Vp, ai, • • • , e . 

i=l 

Such a vector Vp is uniquely determined up to scalars. The number k(p) := kg is called the 
weight of p. For example, if p = det^, its highest weight is {k,k, - ■ ■ , k) and hence its weight 
is k. 

Assume that {p, Vp) is an irreducible finite dimensional rational representation of GL(g, C). 
Then it is known |67ll92j that a Siegel modular form / in Mp(Tg) admits a Fourier expansion 

(5.4) /(!]) = ^a(r)e2"^'^(™), 

T>0 

where T runs over the set of all half-integral semi-positive symmetric matrices of degree g. 
We recall that T is said to be half-integral if 2T is an integral matrix whose diagonal entries 
are even. 

Theorem 5.1. (1) If kg is odd, then Mk{Tg) = 0. 

(2) lfk<0, then MkiTg) = 0. 

(3) Let p be a non-trivial irreducible finite dimensional representation of GL{g,C) with 
highest weight (/ci, • • • , kg). If Mp{Tg) ^ {0}, then kg > 1. 

(4) If f £ Mpi^g)) then f is bounded in any subset Ti.{c) ofMg given by the form 

n{c) := {n^Mgl Imn > cig} 
with any positive real number c > 0. 



5.2. The Siegel Operator 

Let {p,Vp) be an irreducible finite dimensional representation of GL{g,C). For any pos- 
itive integer r with < r < g, we define the operator $p^j. on Mp{Tg) by 

(5.5) {<S>p,rf)i^i) := ^Imi^f (^(^^' itig-r))' f^MpiTg),n^GMr. 

We see that ^p^r is well-defined because the limit of the right hand side of (5.5) exists 
(cf. Theorem 5.1. (4)). The operator ^p ^ is called the Siegel operator. A Siegel modular 
form / G Mp{Tg) is said to be a cusp form if <I>p^g_i/ = 0. We denote by Sp{Tg) the vector 

(r) 

space of all cusp forms on Mg with respect to p. Let Vp be the subspace of Vp spanned by 
the values 

{($p,,/)(J^i)| nieUr, feMpiVg)}. 

According to |143j . Vp^^ is invariant under the action of the subgroup 

° ^ a G GL{r,C) | • 
Then we have an irreducible rational representation p^^^ of GL{r,C) on Vp'^^ defined by 
p^^'\a)v := p 



Ig-r 







^^v, aeGL{r,C), v e V^''\ 
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We observe that if (fei, • • • , kg) is the highest weight of p, then (/ci, • • • , k^) is the highest 
weight of p^^\ 

Theorem 5.2. The Siegel operator ^jg^fc ^ • ^k(Xg) — ^ Mi^{rr) is surjective for k even 

withk>s±r+^. 

The proof of Theorem 5.2 can be found in [144j . 

We define the Petersson inner product ( , )p on Mp{rg) by 

(5.6) {f,J^)p:= f {p{lmn)fi{n)j2{n))dvg{n), hj2^Mp{T 



9)^ 



where Tg is the Siegel's fundamental domain, ( , ) is the hermitian inner product defined 
in (5.3) and dvg{Q) is the volume element defined by (2.3). We can check that the integral 
of (5.6) converges absolutely if one of fi and /2 is a cusp form. It is easily seen that one 
has the orthogonal decomposition 

Mp(r,) = 5p(r,)e5,(r,)^, 

where 

Spi^a)^ = {/ e Mp(rg) I (/, h)p = for all h G SpiVg) } 
is the orthogonal complement of Sp{Tg) in Mp(Tg). 

5.3. Construction of Siegel Modular Forms 

In this subsection, we provide several well-known methods to construct Siegel modular 
forms. 

(A) Klingen's Eisenstein Series 

Let r be an integer with < r < g. We assume that A: is a positive even integer. For 
Q, £Mg, we write 

^ " (^^ J] ) ' ^ ^2 e ^g-r- 

For a fixed cusp form / G Sk{Tr) of weight k, H. Klingen [7T] introduced the Eisenstein 
series Eg^r,kif) formally defined by 

(5.7) Eg^r,k{f)i^) ■■= E f{il-^)i)-detiCn + D)-\ j = ^) ^ ^9' 



where 





(A, 







* 


\ 




* 


u 


* 


* 






Ci 







* 






\0 










V 



fj) er,,, UGGLig-r,Z) 



is a parabolic subgroup of F^. We note that if r = 0, and if / = 1 is a constant, then 

Eg^o,km = ^det{Cn + D)-\ 



C,D 
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where runs over the set of all representatives for the cosets GL{g,7j)\Tg. 

Klingen [7l] proved the following : 

Theorem 5.3. Let g > 1 and let r be an integer with < r < g. We assume that k is a 
positive even integer with k > g + r + 1. Then for any cusp form f £ Sk{Tr) of weight k,the 
Eisenstein series Eg^r,k{f) converges to a Siegel modular form on Mg of the same weight k 
and one has the following property 

(5.8) %et^rEg,r,k{f) = f- 

The proof of the above theorem can be found in [TU 1721 [92] . 

(B) Theta Series 

Let {p,Vp) be a finite dimensional rational representation of GL{g,C). We let Hp{r,g) 
be the space of pluriharmonic polynomials P : C^*"'^^ — > Vp with respect to {p,Vp). That 
is, P S Hp{r,g) if and only if P : C*-'"'^-' — > is a V^-valued polynomial on C'-''"'^-' satisfying 
the following conditions (5.9) and (5.10) : if z = {z^j) is a coordinate in C^'^'^\ 

Q2p 

(5.9) 7 7- — = for all i,j with 1 < i,j < g 

^ dzkidzkj 

and 

(5.10) Pizh) = p{^h) det(/i)-5p(z) for all z e C^^'^) and h e GL{g, C). 

Now we let S" be a positive definite even unimodular matrix of degree r. To a pair (S", P) 
with P G Hp{r,g), we attach the theta series 

(5.11) es,p{^)-= Yl P(55A)e"^"(^[^]") 

which converges for all 0, G Mg. E. Freitag [35j proved that @s,P is a Siegel modular form 
on Mg with respect to p, i.e., @s,P S Mp{rg). 

Next we describe a method of constructing Siegel modular forms using the so-called 
theta constants. 

We consider a theta characteristic 

e{0,l}''^ with e',e"e{0,lY. 



e 

A theta characteristic e = ( is said to be odd (resp. even) if *e'e" is odd (resp. even). 
Now to each theta characteristic e = ( ^„ 1 , we attach the theta series 



(5.12) 0[e](Q) := ^ e"*{^[™+5^']+*('"+^^')^"}, Q^Mg. 

If e is odd, we see that 9[e] vanishes identically. If e is even, ^[e] is a Siegel modular form 
on Mg of weight ^ with respect to the principal congreuence subgroup rc,(2) (cf. [671 1104j ). 
Here 

Tg{2) = {aGTg \ a = hg (mod 2) } 
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is a congruence subgroup of Fg of level 2. These theta series 9[e\ are called theta constants. It 
is easily checked that there are 2^~^(2^ + l) even theta characteristics. These theta constants 
6[e] can be used to construct Siegel modular forms with respect to Vg. We provide several 
examples. For g( = 1, we have 



where 



(eM^[eoi]^[eii])'G5i2(Fi), 



eoo = ( n ) , eol = ( *;* ) and en ^ 



For g = 2, we get 



and 



Xio ■.= -2-'^lle[e]'eSio{T2) 

(n^Hj • E (^N^[^2]^Nf°GS35(F2), 

where E denotes the set of all even theta characteristics and (ei, €2, £3) runs over the set of 
triples of theta characteristics such that ei + €2 + £3 is odd. For g = 3, we have 

eSE 

We refer to [671 for more details. 



5.4. Singular Modular Forms 

We know that a Siegel modular form / S Mp(Tg) has a Fourier expansion 

T>0 

where T runs over the set of all half-integral semi-positive symmetric matrices of degree g. 
A Siegel modular form / G Mp{Tg) is said to be singular if a(T) 7^ implies det(T) = 0. 
We observe that the notion of singular modular forms is opposite to that of cusp forms. 
Obviously if (7 = 1, singular modular forms are constants. 

We now characterize singular modular forms in terms of the weight of p and a certain 
differential operator. For a coordinate Q = X + iY in Mg with X real and Y = {uij) € Vg (cf. 
Section 4), we define the differential 

(5.13) Mg := det(y) • det 

which is invariant under the action (4.1) of GL((jr,M). Here 

d_ ^ n + 6,j d \ 
dv V 2 %J ■ 

Using the differential operator Mg, Maass [921 pp. 202-204] proved that if a nonzero singular 
modular form on Mg of weight k exists, then nk = (mod 2) and < 2k < g—1. The converse 
was proved by Weissauer (cf. [1431 Satz 4]). 
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Theorem 5.4. Let p be an irreducible rational finite dimensional representation ofGL(g, C) 
with highest weight {ki,--- ,kg). Then a non-zero Siegel modular form f G Mp{Tg) is 
singular if and only if 2k{p) = 2kg < g. 

The above theorem was proved by Freitag [35j, Weissauer |143j et al. By Theorem 5.6, 
we see that the weight of a singular modular form is small. For instance, W. Duke and O. 
Imamo^lu [28] proved that SQ{Tg) = for all g. In a sense we say that there are no cusp 
forms of small weight. 

Theorem 5.5. Let f G Mp(Tg) be a Siegel modular form with respect to a rational repre- 
sentation p of GL{g,C). Then the following are equivalent: 

(1) f is a singular modular form. 

(2) f satisfies the differential equation Mgf = 0. 

We refer to [92] and [152j for the proof. 

Let / S Mk{Tg) be a nonzero singular modular form of weight k. According to Theorem 
5.4, 2k < g. We can show that k is divisible by 4. Let Si, - ■ ■ ,Sh be a complete system of 
representatives of positive definite even unimodular integral matrices of degree 2k. Freitag 
[34l [35] proved that f{^) can be written as a linear combination of theta series 6si , • " " ) ^5h > 
where 6s„ {1 < u < h) is defined by 

(5.14) 9sA^) ■■= Yl e^^'^^^-l^]^), l<iy<h. 

According to Theorem 5.5, we need to investigate some properties of the weight of p in 
order to understand singular modular forms. Let (/ci, • • • ,kg) be the highest weight of p. 
We define the corank of p by 



corank(/9) := 1 1 J I 1 < J < 9, kj = kg 
Let 

f{n) = Y.a{T) e2--(™) 
r>o 

be a Siegel modular form in Mp(Tg). The notion of the rank of / and that of the corank of 
/ were introduced by Weissauer [143] as follows : 

rank(/) := max|rank(T) | a{T) 7^ | 

and 

corank(/) := g — min|rank(T) | a(T) 7^ |. 

Weissauer |143j proved the following. 

Theorem 5.6. Let p be an irreducible rational representation of GL{g,C) with highest 
weight {ki, - ■ ■ , kg) such that corank{p) < g — kg. Assume that 



\ I < j < 9, kj = kg + 1 ^ < 2{g -kg - corank{p)). 



Then Mp{Tg) =0. 
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6.1. The Structure of the Hecke Algebra 

For a positive integer we let Tg = Sp{g, Z) and let 

Ag := GSp{g,Q) = { M G GL{2g,Q) \ 'MJgM = l{M)Jg, 1{M) G } 

be the group of symplectic similitudes of the rational symplectic vector space (Q^^, ( , )). 
We put 

A+ := GSp{g, Q)+ = { M G A, | 1{M) > } . 

Following the notations in [35], we let Jif{Tg, Ag) be the complex vector space of all formal 
finite sums of double cosets F^MF^ with M G A+. A double coset F^MF^ (M G A+) can 
be written as a finite disjoint union of right cosets TgMy {'i < v <h) : 

TgMTg = u'l^iFgM^ (disjoiut). 

Let ^{Tg, Ag) be the complex vector space consisting of formal finite sums of right cosets 
TgM with M G A+. For each double coset F^MF^ = uJ^^^F^M^ we associate an element 
jiTgMTg) in ^(F^, A^) defined by 

h 

j{TgMTg) := J^F^M,. 

Then j induces a linear map 

(6.1) j.:J^{Tg,Ag)^^{Tg,Ag). 

We observe that Ag acts on ^{Tg, Ag) as follows: 

h h 

j=i i=i 

We denote 

if (Fg, Ag)^^ := { T G if (Fg, A^) | T • 7 = T for ah jeTg} 

be the subspace of Fg-invariants in if (Fg, Ag). Then we can show that if (F^, A^)^" coin- 
cides with the image of and the map 

(6.2) j; : Jf{Tg, Ag) ^{Tg, Ag)r« 

is an isomorphism of complex vector spaces (cf. [35\ p. 228]). From now on we identify 
J^{rg,Ag) With if (Fg,Ag)r«. 

We define the multiplication of the double coset F^MF^ and F^A^ by 

h 

(6.3) i^gMTg) ■ {TgN) = ^ TgM^N, M,Ne Ag, 

i=i 

where F^MF^ = Uj^iTgMj (disjoint). The definition (6.3) is well defined, i.e., independent 
of the choice of Mj and N. We extend this multiplication to J^(Tg,Ag) and if(Fc,, A^). 
Since 

^(Fg, Ag) ■ J^{Tg, Ag) C {T g , A g) , 
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J^{rg, Ag) is an associative algebra with the identity element Tgl2gTg = Tg. The algebra 
J^(Tg,Ag) is called the Hecke algebra with respect to Tg and Ag. 

We now describe the structure of the Hecke algebra J^(Tg,Ag). For a prime p, we let 
Z[l/p] be the ring of all rational numbers of the form a ■ p'^ with a, G Z. For a prime p, 
we denote 

Ag^p := AgnGL{2g,Z[l/p]). 
Then we have a decomposition of J^{rg, Ag) 

•^(r„A,)= (g) Jif{rg,Ag,p) 

p : prime 

as a tensor product of local Hecke algebras M'{Tg, Ag^p). We denote by J^{rg,Ag) (rcsp. 
J^{Tg,Ag^p) the subring of .^(F^, Ag) (resp. J^{Tg,Ag^p) by integral matrices. 

In order to describe the structure of local Hecke operators (Fg,Ag,p), we need the 
following lemmas. 

Lemma 6.1. Let M G A+ with ^MJgM = IJg. Then the double coset TgMTg has a unique 
representative of the form 

Mo = diag{ai,--- ,ag,di,--- ,dg), 

where ag\dg, aj > 0, ajdj = I for 1 < j < g and ak\ak+i for 1 < k < g — 1. 

For a positive integer /, wc let 

Og{l) := { M G GL{2g,Z) \ ^MJgM = lJg}. 

Then we see that Og{l) can be written as a finite disjoint union of double cosets and hence 
as a finite union of right cosets. We define T{1) as the element of (F^, Ag) defined by 

Og{l). 

Lemma 6.2. (a) Let I be a positive integer. Let 

Og{l) = U^^iFgM^ {disjoint) 

be a disjoint union of right cosets VgMi, (1 < < h). Then each right coset VgMn has a 
representative of the form 





(b) Let p be a prime. Then 



^Aj^Dn = llg, A^ is upper triangular. 



Tip) = Ogip) = Tg 



Ig 



and 



where 



pig 

T{p') = J2Ti{p% 



F„ 







j=0 




( h-k 








o\ 



















P^Ig-k 





V 








PhJ 



Tg, 0<k<g. 
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Proof. The proof can be found in [35\ p. 225 and p. 250]. □ 
For example, Tg{jp^) = Tg{pl2g)Tg and 

We have the following 

Theorem 6.1. The local Hecke algebra ,J^(Tg, Ag^p) is generated by algebraically indepen- 
dent generators T{p), Ti(p^), • • • ^Tglp^). 

Proof. The proof can be found in |351 p. 250 and p. 261]. □ 

On Ag we have the anti-automorphism M ^ M* := 1{M)M~^ {M £ Ag). Obviously 
r* = Tg. By Lemma 6.1, (r^MFg)* = TgM*Tg = TgMTg. According to [l26]. Proposition 
3.8, J^{rg, Ag) is commutative. 

Let Xq, Xi, ■ ■ ■ , Xg he the g + 1 variables. We define the automorphisms 

w,:C[X^\X^\... ] ^C[X^\xt\... ], l<j<g 

by 

WjiXo) = XoXr\ Wj{Xj} = Xr\ Wj{Xk) = Xk fork^OJ. 

Let Wg be the finite group generated by wi,--- ,Wg and the permutations of variables 
Xi, • • • ,Xg. Obviously w'j is the identity map and \ Wg\ = 2^g\. 

Theorem 6.2. There exists an isomorphism 

Q : jr(r„A,,p) c[x^\xt\--- ,x^Y'- 

In fact, Q is defined by 

j=l j=l j=l u=l 

where we choose the representative Mj of TgMj of the form 

(p^^^i) ... * 



■•• : 

\ p^a^^\ 



We note that the integers ki{j), • • • , kg{j) are uniquely determined. 

Proof. The proof can be found in [35]. □ 
For a prime p, we let 

Jif{Tg, A,,p)q := { ^gMjTg G ^(F,, A,,^) | c, G Q } 

be the Q-algebra contained in ^(F^, A^^p). We put 

Gp := GSp{g,Qp) and Kp = GSp{g,Zp). 
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We can identify J^{Tg, Ag,p)Q with the Q-algebra of Q-valued locahy constant, Kp- 
biinvariant functions on Gp with compact support. The multiphcation on J^^p is given 

by 



(/i * = I h{g) f2{9-'h)dg, /i, /s G 

J Gn 



where dg is the unique Haar measure on Gp such that the volume of Kp is 1. The corre- 
spondence is obtained by sending the double coset TgMTg to the characteristic function of 
KpMKp. 

In order to describe the structure of J^^p-, we need to understand the p-adic Hecke 
algebras of the diagonal torus T and the Levi subgroup M of the standard parabolic group. 
Indeed, T is defined to be the subgroup consisting of diagonal matrices in Ag and 

D, 

is the Levi subgroup of the parabolic subgroup 

'A B 



eAg 



Dl''^^ 

Let Y be the co-character group of T, i.e., Y = IIom(Gm,Tr). We define the local Hecke alge- 
bra J^,{T) for T to be the Q-algebra of Q-valued, T(Zp)-biinvariant functions on T(Qp) with 
compact support. Then J^(T) = Q[i^], where QlY] is the group algebra over Q of Y. An 
element X £Y corresponds the characteristic function of the double coset Dx = KpX{p)Kp. 



■V, 



9) 



^±ll 



It is known that J^(T) is isomorphic to the ring • • • , (ug/vg)^^, {vi 

under the map 

(ai,--- ,ag,c) ^ (ui/vi)''' ■ ■ ■ (ug/vg)"'' {vi ■ ■ ■ VgY. 

Similarly we have a p-adic Hecke algebra J^p{M). Let Wa^ = A^(T)/T be the Weyl 
group with respect to (T, Ag), where N(T) is the normalizer of T in A^. Then W/^^ = 
Sg IK (Z/2Z)^, where the generator of the i-th factor Z/2Z acts on a matrix of the form 
diag(ai, • • • , Og, di, • • • , dg) by interchanging Oj and di, and the symmetry group Sg acts by 
permuting the a^'s and dj's. We note that W^g is isomorphic to Wg. The Weyl group Wm 
with respect to (T,M) is isomorphic to Sg. We can prove that the algebra rJ^(T)^'^9 of 
-invariants in J^(T) is isomorphic to Q[Yf^^,Yi, ■ ■ ■ ,Yg] (cf. [35]). We let 



A is upper triangular, D is lower triangular 



be the Borel subgroup of Ag. A set <I>^ of positive roots in the root system <I> determined 
by B. We set p = ^ a. 

Now we have the map om : M — > Gm defined by 

aM(M) :=/(M)-^(detA)^+\ M = (^^ d) 
and the map f3j : T — > Gm defined by 

9 

/3T(diag(ai,--- ,ag,di,--- ,dg)) := J|af+^"^*, diag(ai,--- ,ag,di,--- ,dg) G T. 
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Let 6j := omPj be the character of T. The Satake's spherical map Sp^M ■ -^^-p — ^ J^(M) 
is defined by 

(6.4) Sp^{<f))[m) := |aM(m')|p / 4>{rriu)du, (p £ '^^p, m G M, 

where | |p is the p-adic norm and U{Q_p) denotes the unipotent radical of Ag. Also another 
Satake's spherical map Sm,t '■ J^p{M.) — > ^p(T) is defined by 

(6.5) SmjUm ■■= WT{t)\p [ f{tn)dn, t G J^(T), t G T, 

JMnN 

where N is a nilpotent subgroup of A^. 

Theorem 6.3. The Satake's spherical maps Sp^m oind Sm,t define the isomorphisms of 
Q-algebras 

(6.6) JT^p^ J%{T)^^3 and ^(M) ^ ^(T)^". 
We define the elements (pk {0 < k < g) in J^p{M) by 

(t>k-=P —M{Zp)\ pig M(Zp), i = 0,l,---,g. 

V hj 

Then we have the relation 

9 

(6.7) 5p,M(T(p)) = ^(/.fc 

k=0 

and 

(6.8) SpM{Ti{p'^)) = ^ mk-j{i)p~^ (t>j(f>k, 

j,k>0,i+j<k 

where 

ms{i) := tt { yl G M{s,¥p) \^A = A, corank(y4) = i } . 
Moreover, for A; = 0, 1, • • • ,g, we have 

(6.9) Smjicl^k) = (vi- ■ ■Vg)Ek{ui/vi,- ■ ■ ,Ug/vg), 

where Ek denotes the elementary symmetric function of degree k. The proof of (6.7)-(6.9) 
can be found in [2', pp. 142-145]. 

6.2. Action of the Hecke Algebra on Siegel Modular Forms 

Let {p, Vp) be a finite dimensional irreducible representation of GL{g, C) with highest 
weight (/ci, • • • ,kg). For a function F : Mg — > Vp and M G A+, we define 



{f\pM)in) = p{cn + D)-'f{M.n), m=(^^ ^) ^ ^^ 

It is easily checked that f\pMiM2 = {f\pMi)\pM2 for Mi,M2 G A+. 

We now consider a subset ^ of A^ satisfying the following properties (Ml) and (M2) : 
(Ml) ^ = U^^^TgMj (disjoint union); 
(M2) ^TgC^. 
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For a Siegel modular form / G Mp{Tg), we define 

h 

(6.10) T{^)f:=J2f\pMj. 

This is well defined, i.e., is independent of the choice of representatives Mj because of the 
condition (Ml). On the other hand, it follows from the condition (M2) that r(^)/|p7 = 
T{^)f for all 7 G Fp. Thus we get a linear operator 

(6.11) r(^) : Mp{Tg) Mp{Tg). 

We know that each double coset TgMTg with M G satisfies the condition (Ml) and 
(M2). Thus a linear operator T{^) defined in (6.10 induces naturally the action of 
the Hecke algebra J^{rg,Ag) on Mp{Tg). More precisely, li jy = Y!j=iCjTgMjVg e 
.^(Fg, Ag), we define 

h 

T{^) = J2cjT{rgMjrg). 

Then T{jV) is an endomorphism of Mp(Fg). 

Now we fix a Siegel modular form F in MpiVg) which is an eigenform of the Hecke algebra 
J^{Tg, Ag). Then we obtain an algebra homomorphism Xp ■ J^{Tg, Ag) — > C determined 

by 

T{F) = Xf{T)F, T g Ji^iTg, Ag). 
By Theorem 6.2 or Theorem 6.3, one has 

J>firg,Ag^p) ^ J^g^p(S)C^C[Y]^^ 

- C[{U^/V,)^\... ,{Ug/Vg)^\{v,...Vg)^']'^^ 

^ C[Yo,Yq-\Yi,--- ,Yg], 

where Yo,Yi, - ■ ■ ,Yg are algebraically independent. Therefore one obtains an isomorphism 

Romc{M'{rg,Ag,p),C)^Romc{J%^p^C,C) ^ {C'')^3+'yWg. 

The algebra homomorphism G Homc(^(Fp, A^^p), C) is determined by the W^-orbit 
of a certain {g + l)-tuplc [(yF,0,O!F,i, - ■ ■ ,C(F,g) of nonzero complex numbers, called the 
p-Satake parameters of F. For brevity, we put = aF,i, i = 0, 1,-- - ,g. Therefore aj 
is the image of Ui/vi and ao is the image of vi- ■ - Vg under the map 6. Each generator 
m G WAg = Wg acts by 

Wj^ao) = aoaj^ Wj{aj) = aJ^, Wj{ak) = ii k 0,j. 

These p-Satake parameters ao,ai - ■ ■ ,ag satisfy the relation 

Formula (6.12) follows from the fact that Tg{p^) = T g{pl2g)T g is mapped to 

p-S(,+l)/2 ^Vl---Vgff{{Ui/Vi). 

1=1 
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We refer to (35t p. 258] for more detail. According to Formula (6.7)-(6.9), the eigenvalues 
Xf{T{p)) and XF{Ti{p^)) with 1 < i < g are given respectively by 

(6.12) Ai.(r(p)) =ao(l+^i + ^2 + --- + ^9) 
and 

9 

(6.13) Af(T,(/)) = mk-j{i)p~(''~'^^'KlEjEk, i = l,---,g, 

j,k>0,j+i<k 

where Ej denotes the elementary symmetric function of degree j in the variables ai, • • • ,ag. 
The point is that the above eigenvalues Xf{T{p)) and Air(Tj(p^)) {1 < i < g) are described 
in terms of the p-Satake parameters oq, ai • • • ,ag. 

Examples. (1) Suppose g{T) = X]n>i ^('^) e^™"^ is a normalized eigenform in ^^(ri). Let 
p be a prime. Let /? be a complex number determined by the relation 

(1 - (3X){1 -pX) = l- a{p)X +p'''^X^. 

Then 

P + P = a{p) and = 
The p-Satake parameters oq and ai are given by 

(Qo,ai) = (^P, or (^P, £ 

It is easily checked that a^ai = 

I3(3 = pk-i ((.f^ Formula (6.12)). 
(b) For a positive integer k with A; > + 1, we let 

Gk{^):= det(CO + Z?)^ M = (A ^ 

be the Siegel Eisenstein series of weight k in MkiXg)-, where 

'A B 



is a parabolic subgroup of F^. It is known that is an eigenform of all the Hecke oper- 
ators (cf. [35, p. 268]). Let Si,-- - , 5/^ be a complete system of representatives of positive 
definite even unimodular integral matrices of degree 2k. If /c > g + 1, the Eisenstein series 
Gk can be expressed as the weighted mean of theta series Os^ '- 

h 

(6.14) Gkm = Y,muesA^), f^GlHIg, 

where 

^{Sui Sp) 

"^'^ - A{Si, Si)-i + • • • + A(5,, 5,)-i ' 1 ^ ^ ^ 
We recall that the theta series 63^ is defined in Formula (5.14) and that for two symmetric 
integral matrices S of degree m and T of degree n, A{S,T) is defined by 

^(5, T) := H{ G e I 5[G] = = T } . 

Formula (6.14) was obtained by Witt |148j as a special case of the analytic version of Siegel's 
Hauptsatz. 
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7. Jacobi Forms 



In this section, we establish the notations and define the concept of Jacobi forms. 
Let 

Sp{g,R) ={M e M(2g,2g) I tj^j^M = Jg} 

be the symplectic group of degree g, where 



Ig 

-h 



For two positive integers g and h, wc consider the Heisenberg group 

H^'^^ ■= {{\fi,K) \ X,fie m(^'^\ k G R^^'^\ k + /x*A symmetric} 
endowed with the following multiplication law 

{X,H,k) o {X',ij.',k) := (A + A',/x + + k + A V' - A**'^')- 

We recall that the Jacobi group G^^ := Sp{g,W) K H^''^'^ is the semidirect product of 

the symplectic group Sp{g, M) and the Heisenberg group H^'^'' endowed with the following 
multiplication law 

(M, (A, h,k))- (M', (A', /x', k')) := (MM', (A + X' , p. + , k + k' + X V - fi *A')) 

with M,M' G S'p(c/,M),(A,^,k), {X',ii\k') G iJ^^'''^ and (A,/i) := {X,ii)M'. It is easy to 
see that acts on the Siegel- Jacobi space ^g,h '■= x C*^'^'^^ transitively by 

(7.1) (M, (A, /X, k)) • {n, z) ■- (M ■n,{z + xn + n){Cn + 

where M = (^^ ^ e Sp{g,R), (A,/i,K) G H^'''^ and (^^,Z) G M^,;,. 

Let p he a rational representation of GL(g,C) on a finite dimensional complex vector 
space Vp. Let M. G M^'*''*) be a symmetric half-integral semi-positive definite matrix of 
degree h. Let C°°(BIg h, Vp) be the algebra of all C°° functions on Mg h with values in Vp. 
For / G G~ (Hg,ft, Fp) we define 

{f\p,M[{M, {X,fi,K))]){n,Z) 

^-2ma{M[Z+XCl+tj,]{Cn+D)-^C) ^ g27ri<T(X(An*A+2A«Z+(K+At'A))) 

xp(GJ^ + D)-^f{M ■n,{z + xn + ti){cn + d)-^), 

where M = (^^ G 5p(5, M), (A, /x, G H^'''^ and (O, Z) G Mg^^- 

Definition 7.1. Let p and M be as above. Let 

^S''^) := { (A, /i, G I A, /i G Z(M, ^ e zC*''^) }. 

Let r be a discrete subgroup of of finite index. A Jacobi form of index Ai with respect 
to p on F is a holomorphic function / G C^{M.g^fi,Vp) satisfying the following conditions 
(A) and (B): 



(A) /|p,A^[7] = / for ah 7 G F-^ := F k i^. 
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(B) / has a Fourier expansion of the following form : 

f{n,z)= Yl E c(r,i?).e^'^(™)-e2--(«^) 



half-integral 



f —T -R\ 

with some nonzero integer Ar G Z and c(T, R) ^ only if I 2 J > q, 

V2 ^ 

li g > 2, the condition (B) is superfluous by the Kocher principle ( cf. |165j Lemma 1.6). 
We denote by Jp^M (r) the vector space of all Jacobi forms of index A4 with respect to p on 
r. Ziegler(cf. [165j Theorem 1.8 or [30] Theorem 1.1) proves that the vector space Jp^M(X) 
is finite dimensional. For more results on Jacobi forms with g > 1 and h > 1, we refer to 
[TT3] . [149J-[153J and [165] . 

Definition 7.2. A Jacobi form / G Jp,Mi^) is said to be a cusp (or cuspidal) form if 
—T -R\ 

i'^to > for any T, R with c(r,ii) / 0. A Jacobi form / G JomO^) is said to 

2 ^ 

be singular if it admits a Fourier expansion such that a Fourier coefficient c(T, i?) vanishes 



unless det I ^..1=0. 



Example 7.3. Let S G Z^^'^'^*^) be a symmetric, positive definite, unimodular even integral 
matrix and c G iP'^'^''^ . We define the theta series 

(7.2) 4ll(Sl,Z):= e-WSAn*A)+2a(*c5A*Z)}^ ^^jjj^^ ^^C^'^'^'). 

We put M. := ^ cSc. We assume that 2k < g + rank (M). Then it is easy to see that t?^^ 
is a singular Jacobi form in Jk^Mi^g){c^- [165] p. 212). 

Remarlc. Singular Jacobi forms are characterized by a special differential operator or the 
weight of the associated rational representation of the general linear group GL{g, C) (cf. [152] ). 

Now we will make brief historical remarks on Jacobi forms. In 1985, the names Jacobi 
group and Jacobi forms got kind of standard by the classic book [30J by Eichler and Zagier to 
remind of Jacobi's "Fundamenta nova theoriae functionum ellipticorum" , which appeared in 
1829 (cf. [To]). Before [30] these objects appeared more or less explicitly and under different 
names in the work of many authors. In 1966 Pyatetski-Shapiro [110] discussed the Fourier- 
Jacobi expansion of Siegel modular forms and the field of modular abelian functions. He 
gave the dimension of this field in the higher degree. About the same time Satake |120] - 
[121] introduced the notion of "groups of Harish-Chandra type" which are non reductive 
but still behave well enough so that he could determine their canonical automorphic factors 
and kernel functions. Shimura [128j-[129j gave a new foundation of the theory of complex 
multiplication of abelian functions using Jacobi theta functions. Kuznetsov [83] constructed 
functions which are almost Jacobi forms from ordinary elliptic modular functions. Starting 
1981, Berndt [8]- [TO] published some papers which studied the field of arithmetic Jacobi 
functions, ending up with a proof of Shimura reciprocity law for the field of these functions 
with arbitrary level. Furthermore he investigated the discrete series for the Jacobi group 
Ggf^ and developed the spectral theory for L^(r'^\G^^) in the case g = h = 1 (cf. [TT]-[I3]). 
The connection of Jacobi forms to modular forms was given by Maass, Andrianov, Kohnen, 
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Shimura, Eichler and Zagier. This connection is pictured as follows. For k even, we have 
the following isomorphisms 



Kohnen plus space. These spaces shall be described in some more detail in the next section. 
For a precise detail, we refer to [93]- [95], [T], [3D] and [73]. In 1982 Tai [ 13 4] gave asymptotic 
dimension formulae for certain spaces of Jacobi forms for arbitrary g and h = 1 and used 
these ones to show that the moduli Ag of principally polarized abelian varieties of dimension 
g is of general type for g > 9. Feingold and Frenkel [32] essentially discussed Jacobi forms 
in the context of Kac-Moody Lie algebras generalizing the Maass correspondence to higher 
level. Gritsenko [45j studied Fourier-Jacobi expansions and a non-commutative Hecke ring 
in connection with the Jacobi group. After 1985 the theory of Jacobi forms for g = h = 1 
had been studied more or less systematically by the Zagier school. A large part of the 
theory of Jacobi forms of higher degree was investigated by Kramer [80] -[HT], [1134, Yang 
|149j - [T53] and Ziegler |165j . There were several attempts to establish L-functions in the 
context of the Jacobi group by Murase |105j - [T06] and Sugano |107j using the so-called 
"Whittaker-Shintani functions". Kramer [80]- [81] developed an arithmetic theory of Jacobi 
forms of higher degree. Runge ^113j discussed some part of the geometry of Jacobi forms 
for arbitrary g and h = 1. For a good survey on some motivation and background for the 
study of Jacobi forms, we refer to [T3]. The theory of Jacobi forms has been extensively 
studied by many people until now and has many applications in other areas like geometry 
and physics. 



In this section, we presents some results about the liftings of elliptic cusp forms to Siegel 
modular forms. And we discuss the Duke-Imamo^lu-Ikeda lift. 

In order to discuss these lifts, we need two kinds of L-function or zeta functions associated 
to Siegel Hecke eigenforms. These zeta functions are defined by using the Satake parameters 
of their associated Siegel Hecke eigenforms. 

Let F £ Mp{Tg) be a nonzero Hecke eigenform on Mg of type p, where p is a finite 
dimensional irreducible representation of GL{g,C) with highest weight (/ci,-- - ,kg). Let 
"p,0! ■ ■ ■ )CKp,g be the p-Satake parameters of F at a prime p. Using these Satake 
parameters, we define the local spinor zeta function Zp^p{s) of F at p by 




2 
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9 



ZF,p{t) = (1 - ap,ot) n n (1 



• ■■0!p,i,.t). 



r=l l<ii<- -<ir<g 



Now we define the spinor zeta function Zf{s) by 



(8.1) ZFis):= n ZfAp'T\ 



Re s > 0. 



p : prime 



For example, if g = 1, the spinor zeta function Zf(s) of a Hecke eigenform / is nothing but 
the Hecke L-function L{ f,s) of /. 
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Secondly one has the so-called standard zeta function Dp{s) of a Hecke eigenform F in 
SpiFg) defined by 

(8.2) Df{s):= n Dp,,ip-T\ 

p : prime 

where 

9 

DF,pit) = (1 - 11(1 - ap,,t)(l - a;}t). 

i=l 

For instance, if g = 1, the standard zeta function -D/(s) of a Hecke eigenform /(r) = 
E~=io(«)e^™^ in SkiTi) has the following 

oo 

Df{s-k + l)= II (l+p-^+'=-^)"'-^a(n2)n-^ 

p; prime n=l 

For the present time being, we recall the Kohnen plus space and the Maass space. Let 
be a positive definite, half-integral symmetric matrix of degree h. For a fixed element 
O € Hg, we denote G^^q the vector space consisting of all the functions 9 : C^'^'^^ — > C 
satisfying the condtition : 

(8.3) 9{Z + Xrt + n) = e-2Ti^(>i[A]n+2*z.MA)^ ^ e C^^'^^ 

for all X,ne ZC*'^). For brevity, we put L := Z^^'S) and Lm ■= L/{2M)L. For each 7 G L^, 
we define the theta series ^^(f2, Z) by 

9^{^l Z) = e^""' tT(>t [A+(2>i) - 1 7] n+2 ( a+ (27W) - ^ 7) ) 

where (O, Z) G Hg x C^'*'^). Then { 6'^(J^, Z) | 7 G } forms a basis for G^ f^. For any 

Jacobi form Z) G </fc,A^(rg), the function (/)(r2, •) with fixed f7 is an clement of G^^^ 
and (/>(ri, Z) can be written as a linear combination of theta series 0-y(r2, Z) (7 G i^A^) : 

(8.4) (l>{^,z)= 4>y{n)9^{n,z). 

We observe that (j) = is a vector valued automorphic form with respect to a 

theta multiplier system. 

We now consider the case: h = 1, M = h = h L = Z^^'S) ^ Z^. We define the theta 
series 0(9) (n) by 

(8.5) e(»)(o) = J2 e^""'"^^^'^^ = 9o{n,o), n 

xeL 

Let 



eng. 



r?(4) = |(^ ^)er,|c^o(mod4)} 



be the congruence subgroup of F^. We define the automorphic factor j : Fq^-* (4) x Mg — >■ 

by 
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Thus one obtains the relation 

j{j,nf =e{j) det{Cn + D), e(7)2 



for any 7 = ^) G r(^)(4). 



Kohnen ^] introduced the so-cahed Kohnen plus space M+i (rj^^(4)) consisting of 
holomorphic functions satisfying the following conditions (Kl) and {K2) : 
(Kl) /(7 • n) = j{-f, n)^''-'m) for ah 7 E r[,^)(4) ; 
(K2) / has the Fourier expansion 

f{n) = ^a{T) e2--(™), 

where T runs over the set of semi-positive half-integral symmetric matrices of degree g such 
that a(r) = unless T = mod 45* (Z) for some /x E Z^^'-^). Here we put 

5*(Z) = I T E M^^'^) \T=^T, a{TS) E Z for ah 5 = *5 E Z^^'-f) } . 
For a Jacobi form E JA;,i(rg), according to Formula (8.4), one has 
(8.6) 4>{^,z)= M^)Oj{n,Z), J] E Hg, Z E C^^'^). 

■y£L/2L 

Now we put 

7eL/2L 

Then^EM+_,(r[,^)(4)). 

Theorem 8.1. (Kohnen- Zagier (g=l), Ibukiyama (g > 1)) Suppose k is an even pos- 
itive integer. Then there exists the isomorphism given by 

2 

Moreover the isomorphism is compatible with the action of Hecke operators. 



For a positive integer k E Z"*", H. Maass |93l|94l[95] introduced the so-called Maass space 
M^(r2) consisting of all Siegel modular forms F(n) = T.g>oO-F'{T) e^'^*'^^™) on]H2 of weight 
k satisfying the following condition 



d\ (n,r,m), d>0 



dm r 

IW 2d 

— 1 

2d ^ 



for all T= [J: > with n,r,m£ Z. For F E Mk{T2), we let 

Fin) = Y ^n.ir, z) e^~\ n=(j^ l\ E H2 

m>0 ^ ^ 

be the Fourier-Jacobi expansion of F . Then for any nonnegative integer m, we obtain the 
linear map 

Pm ■ Mk{T2) > Jk,m{Tl), F 1-^ (pm- 
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We observe that po is nothing but the Siegel <I>-operator. Maass [931 IMl ES] showed that 
for k even, there exists a nontrivial map V : Jfc,i(ri) — > Mk{T2) such that pi o 1/ is the 
identity. More precisely, we let (j) ^ Jk,i(^i) be a Jacobi form with Fourier coefficients 
c{n, r) (n, r G Z, < 4n) and define for any nonnegative integer m > 

(8.8) (K.0)(r,z)= 5: ( E ^'-'K^'S) 

It is easy to see that Vi(f) = (p and Vmfl) £ 'Jk,m(Xi)- We define 

(8.9) {V<P){n) = ^(y™(/>)(r,z)e2™', 1^ = G M2. 

m>0 ^ ^ 

We denote by T„ ( n G Z"*") the usual Hecke operators on Mfc(r2) resp. Sk{T2). For instance, 
if p is a prime, Tp = T{p) and Tp2 = Ti (p^). We denote by Tj^n {m £ Z+) the Hecke operators 
on Jfc,„(ri) resp. ^^"^''(ri) (cf. [30]). 

Theorem 8.2. (Maass [92l[93[93|, Eichler-Zagier [30], Theorem 6.3) Suppose k is 
an even positive integer. Then the map (p ^ Vcj) gives an isomorphism of Jk,m.{'^i) onto 
M^(T2) which sends cusp Jacobi forms to cusp forms and is compatible with the action of 
Hecke operators. If p is a prime, one has 

Tpoy = yo (rj,p + /-2(p + i)) 

and 

Tp2oV = Vo [Tip + p^-\p + l)rj,p + p"^-^) . 
In Summary, we have the following isomorphisms 

(8.10) Mfc*(r2) ^JkA^i) ^M+_i(rJ')(4)) ^M2fc_2(ri), 

2 

< — 4> — ^ f<t> 

where the last isomorphism is the Shimura correspondence. All the above isomorphisms are 
compatible with the action of Hecke operators. 

In 1978, providing some evidences, Kurokawa and Saito conjectured that there is a one- 
to-one correspondence between Hecke eigenforms in 52^-2 (ri) and Hecke eigenforms in 
Mk{T2) satisfying natural identity between their spinor zeta functions. This was solved 
mainly by Maass and then completely solved by Andrianov [1] and Zagier [164] . 

Theorem 8.3. Suppose k is an even positive integer and let F £ M^{T2) be a nonzero 
Hecke eigenform. Then there exists a unique normalized Hecke eigenform f in M2k-2(^i) 
such that 

(8.11) Zf{s) = C{s - k+) C{s-k + 2)L(/, s), 

where L{f,s) is the Hecke L-function attached to f. 

F is called the Saito- Kurokawa lift of /. Theorem 8.3 implies that Zf{s) has a pole at 
s = A; if F is an eigenform in M^(r2). If .F G Sk{T2) is a Hecke eigenform, it was proved by 
Andrianov [2] that Zp{s) has an analytic continuation to the whole complex plane which is 
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holomorphic everywhere if k is odd and is holomorphic except for a possible simple pole at 
s = k \i k \s even. Moreover the global function 

Z*p{s) := (27r)"'r(s)r(s -k + 2)Zf{s) 

is (— l)^-invariant under s i— > 2A; — 2 — s. It was proved that Evdokimov and Oda that Zp{s) 
is holomorphic if and only if F is contained in the orthogonal complement of M^(r2) in 
M^k{^2)- We remark that Mk{T2) = CGk® Sl{T2), where Gk is the Siegel Eisenstein series 
of degree 2 (cf. (6.14)) and ^^(ra) = SkiTi) n M*(r2). 

Around 1996, Duke and Imamo^lu [27j conjectured a generalization of Theorem 7.3. 
More precisely, they formulated the conjecture that if / is a normalized Hecke eigenform in 
'S'2fc(ri) {k G Z+) and n is a positive integer with n = k (mod 2), then there exists a Hecke 
eigenform F in Sk+ni^2n) such that the standard zeta function Df{s) of F equals 

2n 

(8.12) ^(^s)Y,L{f,s + k + n-j), 

i=i 

where L{f, s) is the Hecke L-function of /. Later some evidence for this conjecture was given 
by Breulmann and Kuss [18] . In 1999, Ikeda |68j proved that the conjecture of Duke and 
Imamoglu is true. Such a Hecke eigenform F in Sk-^ni^2n) is called the Duke-Imamoglu-Ikeda 
lift of a normalized Hecke eigenform / in 5'2fc(ri). According to the Shimura isomorphism 

M+ 1 (r[)^^(4)) = M2fc(ri) in Formula (8.10), one has the so-called Ikeda's lift map 

fe+ 2 

(8.13) : 5+^1 (ri')(4)) Sk+n{r 2n) 

defined by 

/(r) = Yl c(m)e2™ ^ F{Q) = ^ A{T) e2^^<^(™), 

(-l)'=m=0,l(mod4) r>0 

where 

A{T) = c{\Dt,o\) fr^'' n 

p\Dt 

a\fT 

We refer to [BS] and [75j respectively for a precise definition of A{T). For brevity, we set 
S'^_^i_ = S'^j^^{T^q\4,)) . Kohnen and Kojima [76] characterized the image of the Ikeda's 

lift map Ik,n- If F{^) = Sr>o ^(^) ^^'^*'^^™^ is element in the image of Ik,n-, then 
A{T) = A{T) if T and T are positive definite half-integral matrices of degree 2n with Dt 
and Dj, and such that for all positive divisors a of /t = ff, one has (/)(a; T) = (j){a; T). Here 
Df denotes the discriminant of T defined by Dp '■= (— 1)" det(2r). They called the image 
of Ik,n in Sk+n{J^2n) the Maass space. If n = 1, M^(r2) coincides with the image of Ik,i- 
Thus this generalizes the original Maass space. Breulmann and Kuss [18j dealt with the 
special case of the lift map 15,2 : 5'i2(ri)(— ^13/2) — ^ 'S'8(r4). In the article [T7], starting 
with the Leech lattice A, the authors constructed a nonzero Siegel cusp form of degree 12 
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and weight 12 which is the image of a cusp form A € 5*12 (ri) under the Ikeda lift map Iq q. 
Here A is the cusp form in (ri) defined by 

oo 

A(r) = (2^)12 g ]J(l-g«)24^ T € Hi , Q = 6^^^^ 
n=l 

It is known that there exist 24 Niemeier lattices of rank 24, say, Li,--- ,^24- The theta 
series 

eL,{n)= g2^ia(L,[G]n)^ n£Ui2, i = i,---,24 

GGZ(24,12) 

generate a subspace K of Mi2(ri2). These (1 < i < 24) are linearly independent. 
It can be seen that the intersection H S'i2(ri2) is one dimensional. This nontrivial 
cusp form in K n S'i2(ri2) up to constant is just the Siegel modular form constructed by 
them. Under the assumption n + r = A; (mod 2) with k,n,r G Z"*", using the lift map 
Ikn+T '■ S'^ 1 — > Sk+n+r{^2n+2r)i recently Ikeda ^69j constructed the following map 

(8.14) Jk,n,T '■ 'S'^i ^ Sk+n+r(^r) *■ Sk+n+r(^2n+r) 

defined by 

Jk,nAh,G){n) := ^ Ik,n+r{h) ( ( q ) ( dct Im t) '+"-'dT, 

where /i G 5+ i , G e Sk+n+r{Tr), ^ e ^2n+r, T G M^, G^(r) = G(-t) and (det ImT)-('-+i)dT 

is an invariant volume element (cf. §2 (2.3)). He proved that the standard zeta function 
^Jfe,„,,(/i,G)('S) of Jk,nAh,G) is equal to 

n 

^J,,„,(/.,G)(s) = Deis) n Hf, s + k + n-j), 

where / is the Hecke eigenform in S'2A;(ri) corresponding to /i G i under the Shimura 
correspondence. 

Question : Can you describe a geometric interpretation of the Duke-Imamoglu-Ikeda lift 
or the map Jk,n,r ? 

9. Holomorphic Differential Forms on Siegel Space 



In this section, we describe the relationship between Siegel modular forms and holomor- 
phic differential forms on the Siegel space. We also discuss the Hodge bundle. First of all 
we need to review the theory of toroidal compactifications of the Siegel space. 

Let Dj, be the generalized unit disk of degree g (cf. Section 2). Mg is realized as a bounded 
symmetric domain via the Cayley transform (cf. (2.7)). Let Og be the topological closure 
in Tg, where Tg denotes the vector space of all g x g complex symmetric matrices. Then Og 
is the disjoint union of all boundary components of D„. Let 



Wi 






Ig-1 



Wi G 
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be the standard rational boundary components of Og. Then any boundary component F of 
is of the form F = a ■ Fr tor some a G Sp{g, M) and some integer r with < r < g. In 
addition, if i*" is a rational boundary component of Og, then it is of the form F = ^ ■ F^ for 
some 7 G and some integer r with <r < g. We note that Fq = {Ig} and Fg = Og. We 
set 

(9.1) 0;:= U Fg.Fr. 

0<r<g 

Then D* is the union of all rational boundary components of Og and is called the rational closure 
of Og. Then we obtain the so-called Satake compactification A* := rg\D* of Ag := rg\Dg. 
Let F be a rational boundary component of Og. We let P{F), W{F) and U (F) be the par- 
abolic subgroup associated with F, the unipotent radical of P{F) and the center of W{F) 
respectively. We set V{F) := W{F)/U{F). Since P{a ■ F) = aP{F)a-^ for a G Sp{g,M), it 
is enough to investigate the structures of these groups for the standard rational boundary 
components F^. with Q < r < g. 

Now we take F = F^ for some integer r with Q < r < g. We define D{F) := U{F)£ ■ Og C 
Og. Here Og := B\Sp{g,M.)c is the compact dual of Og with B a parabolic subgroup of 
Sp{g,R)c- We denote by Gc the complexification of a real Lie group G. It is obvious that 
U{F)c = Tg_r and D{F) ^Fx V{F) x U{F)c analytically. We observe that U{F) acts on 
D{F) as the linear translation on the factor U(F)c. Indeed, the isomorphism (p : D(F) — > 
F X V{F) X U{F)c is given by 

M ^((T' ^ :^ (W,.W,.W^, 

where Wi G Or, W2 G C^^''^"'') and W3 G Tg_r- We define the mapping ■ D{F) — > U{F) 

by 

(9.3) JJ^')) = ImWg - *(Im W2)(ImW^i)-i(ImW^2), 

where (H^i, W2, W3) G -D(F). Then Og = is characterized by the condition ^f{W) > 
for all W ^Og. This is the realization of a Siegel domain of the third kind. We let C{F) 
be the cone of real positive symmetric matrices of degree 5 — r in U{F) = Tg^ri^), where 
Tg^rO^) denotes the vector space of all symmetric real matrices of degree g — r. Clearly one 
has Og = $-i(C(F)). We define 

Gh{F) := Aut(F) (modulo finite group) 

and 

GiiF) :=Aut(i7(F),C(F)). 

Then it is easy to see that 

P{F) = [GhiF) X Gi{F)) K W{F) (the semi-direct product). 

We obtain the natural projections ph ■ P{F) — > GhiF) and pi : P{F) — > Gi{F). 



Step I : Partial compactification for a rational boundary component. 
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Now we let T be an arithmetic subgroup of Sp{g,R). We let 

r(F) : = rnP(F), 

r(F): = pi{r{F))cGi{F), 
UriF) : = r n U{F), a lattice in U{F), 
Wr{F): = rnW{F). 

We note that T{F) is an arithmetic subgroup of Gi{F). 

Let Si? = {cJ^} be a r(F)-admissible polyhedral decomposition of C{F). We set 
D{Fy := D{F)/U{F)c. Since D{Fy ^ Fx V{F), the projection ttf : D{F) — > D{F)' is 
a principal C/(F)c-bundle over D{F)' . The map 

(9.4) 7rF,r : Ut{F)\D{F) ^Fx x (C/r(F)\C/(F)c) D{F)' 

is a principal T(F)-bundle with the structure group T{F) := Ut{F)\U{F)c = (C*)'', where 
q= \{g — r){g — r + 1). Let Xsj^ be a normal torus embedding of T{F). We note that 
is determined by Si;'. Then we obtain a fibre bundle 

(9.5) X(Si.) := {Uv{F)\D{F)) Xt^f) 

over D{F)' with fibre X^.^. We denote by X(Sir) the interior of the closure of UY{F)\p>g 
in X(Si?) (because Bg C D{F)). X(Si;') has a fibrewise r(F)-orbit decomposition 0{iJ,) 
such that 

(a) each O(^) is an algebraic torus bundle over D{F)\ 

(b) ^^^a^ iffOM5 0(z.), 

(c) dimo-^ + dimO(/^) = dimi:>(F), 

(d) forc7j = 0, 0{ix) = Ur{F)\D{F). 

We define 

0{F) := IJ 0(a) C X(S^) 

and 

0(F) := T{F)/Uy{F)\0{F). 

We note that 0(Fg) = and 0(Fg) = r\Dg. We set 

Y(S^) := r(F)/^r(i^)\X(S^). 

We note that T{F) /Ur{F) acts on Y(Si?) properly discontinuously. Then we can show that 
Y(Si7) has a canonical quotient structure of a normal analytic space and 0{F) is a closed 
analytic set in Y(Sir). 

Step II : Gluing. 

Let S:={Si;'|Fisa rational boundary component of } be a F-admissible family of 
polyhedral decompositions. We put 

f\D, := U X(Sp). 

F: rational 
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We define the equivalence relation ^ on r\Dg as follows: 

Xi ^ X2, Xi £ x(i;irj, X2 e x{T,p^) 

iff there exist a rational boundary component F, an element 7 G F such that Fi ~< F, 'j F2 ~< 
F and there exists an element X G X(Si;') such that 7rp^pj^{X) = Xi, 7rp^p^{X) = 7X2, 
where 



The space T\B>g := T\B>g/ ^ is called the toroidal compactification of r\Dg associated with 
E. It is known that (r\Dg) is a Hausdorff analytic variety containing T\Og as an open 
dense subset. 

For a neat arithmetic subgroup F, e.g., F = Tg{n) with n > 3, we can obtain a smooth 
projective toroidal compactification of F\Dg. The theory of toroidal compactifications of 
bounded symmetric domains was developed by Mumford's school (cf. [5] and [108]). We set 

Ag:=Tg\mg and A*g := T g\m*g = [J Fi\IHi (disjoint union). 

0<i<g 

I. Satake [118] showed that Ag is a normal analytic space and W. Baily [6j proved that Ag 
is a projective variety. Let Ag be a toroidal compactification of Ag. Then the boundary 
is a divisor with normal crossings and one has a universal semi-abelian variety over 
Ag in the orbifold. We refer to [61] for the geometry of Ag. 

Let 9 be the second symmetric power of the standard representation of GL{g,C). For 
brevity we set = ^g{g + 1). For an integer p with < p < A^, we denote by 9^'^ the p-th 
exterior power of 9. For any integer q with < g < A^, we let Q,'i{M.g)^s be the vector space 
of all Fg-invariant holomorphic g- forms on Mg. Then we obtain an isomorphism 

n^mgf^^Mgi,]{Tg). 

Theorem 9.1. (Weissauer |143j ) For an integer a with < a < g, we let pa be the 

irreducible representation of GL{g, C) with the highest weight 

(5 + 1, ••• ,9+ 1,5-a,--- ,9-a) 
such that corank{pa) = ct for I < a < g. If a = —1, we let = {g + 1, ■ ' ' iff + !)• Then 

^r^_/M,jF,) ^fq^sis+}l_^^ 



n'i{Mg 



2 

otherwise. 



Remark. If 2a > g, then any / G Mp^(Tg) is singular (cf. Theorem 5.4). Thus if g < 
g(3g+2) ^ ^j^gj-^ g^j^y r^-invariant holomorphic g-form on Mg can be expressed in terms of vector 
valued theta series with harmonic coefficients. It can be shown with a suitable modification 
that the just mentioned statement holds for a sufficiently small congruence subgroup of F^. 



Thus the natural question is to ask how to determine the F^-invariant holomorphic in- 
forms on Mg for the nonsingular range ^ — ^ < p < — ^ . Weissauer |144j answered 

8 2 

the above question for g = 2. For g > 2, the above question is still open. It is well 
known that the vector space of vector valued modular forms of type p is finite dimensional. 
The computation or the estimate of the dimension of QP{Mg)^s is interesting because its 
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dimension is finite even though the quotient space Ag is noncompact. 
Example 1. Let 

(9.6) V = '^ fiji^) diVij 

be a Fg-invariant holomorphic 1-form on Mg. We put 

f{0,) = {fiji^)) with fij = fji and dU = {duij). 
Then / is a matrix valued function on Hg satisfying the condition 



f{-i-n) = {CVL + D)f{VL)\Cn + D) for ah 7=^^ G T,, and O € 



This implies that / is a Siegel modular form in MgiJ^g), where 9 is the irreducible represen- 
tation of GL{g,C) on Tg = Symm^(O) defined by 

e{h)v = hv^h, heGL{gX), V eTg. 

We observe that (9.6) can be expressed as (p = a{f dQ). 

Example 2. Let 

luq = duii A dui2 A • • • A dcOgg 
be a holomorphic A^-form on Mg. If a; = /(f^) ujq is Tg-invariant, it is easily seen that 



/(7 • n) = det{Cn + D)s+^f{n) for ah 7 = (^^ d) ™^ ^ ^ 



Thus / G Mg^i{Tg). It was shown by Freitag |35j that ui can be extended to a holomorphic 
A'"-form on Ag if and only if / is a cusp form in Sg+i{Tg). Indeed, the mapping 

Sg + liTg)^n''{Ag)=H\Ag,n''), f ^ f U^Q 

is an isomorphism. Let uj^ = F{0,) uJq^ be a F^-invariant holomorphic form on Mg of degree 
kN. ThenFGMfc(3+i)(F3). 

Example 3. We set 

Vab = (-ah /\ duj^„, 1 < a < 6 < 

l</i<!^<g 

where the signs eat are determined by the relations eatrjab A duab = "^o- We assume that 

??* = ^ Fab Vab 

l<a<b<g 

is a Fp-invariant holomorphic {N — l)-form on Mg. Then the matrix valued function F = 
{(ab Fab) with Eab = ^ba and Fab = -^6a is an element of MriTg), where r is the irreducible 
representation of GL(g,C) on Tg defined by 

T{h)v = {dethy+^^h'\h-\ heGL{g,C), v^Tg. 

We will mention the results due to Weissauer [144] . We let F be a congruence subgroup of 
F2. According to Theorem 9.1, F-invariant holomorphic forms in Q^(]H2)^ are corresponded 
to modular forms of type (3,1). We note that these invariant holomorphic 2-forms are 
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contained in the nonsingular range. And if these modular forms are not cusp forms, they 
are mapped under the Siegel ^-operator to cusp forms of weight 3 with respect to some 
congruence subgroup ( dependent on F ) of the elhptic modular group. Since there are finitely 
many cusps, it is easy to deal with these modular forms in the adelic version. Observing 
these facts, he showed that any 2-holomorphic form on r\IHl2 can be expressed in terms 
of theta series with harmonic coefficients associated to binary positive definite quadratic 
forms. Moreover he showed that H'^{T\M2,C) has a pure Hodge structure and that the 
Tate conjecture holds for a suitable compactification of r\]Hl2. If 5 > 3, for a congruence 
subgroup r of Tg it is difficult to compute the cohomology groups i7*(r\]HIg, C) because 
r\]Hg is noncompact and highly singular. Therefore in order to study their structure, it is 
natural to ask if they have pure Hodge structures or mixed Hodge structures. 

We now discuss the Hodge bundle on the Siegel modular variety Ag. For simplicity we 
take r = Tg{n) with n > 3 instead of Tg. We recall that Tg{n) is a congruence subgroup of 
Fg consisting of matrices M eVg such that M = l2g (mod n). Let 

Xg{n) := Tgin) k Z^^XH^ x C» 

be a family of abelian varieties of dimension g over Ag{n) := Tg[n)\Ilg. We recall that 
rg{n) IX Z^a acts on Mg x freely by 

(7, (A,^)) • {n,z) = {^■n,{z + xn + fi){cn + D)-^), 

where 7 = G Tg(n), X,fiE Z^ , U EMg and Z G C^. If we insist on using Tg, we 

need to work with orbifolds or stacks to have a universal family 

Xg := Xg{n)/Sp{g,Z/nZ) 

available. We observe that Tg{n) acts on Mg freely. Therefore we obtain a vector bundle 
E = Eg over Ag{n) of rank g 

E = Eg ■.= Tg{n)\{mgXC'^). 

This bundle E is called the Hodge bundle over Ag{n). The finite group Sp{g,'L/n'L) acts on 
E and a ^^(^f, Z/nZ)-invariant section of (dctE)®'^' with a positive integer k comes from a 
Siegel modular form of weight k in Mj^^Tg). The canonical line bundle Kg{n) of Ag{n) is 
isomorphic to (detE)®(f+^). A holomorphic section of Kg{n) corresponds to a Siegel modular 
form in Mgj^i(Tg{n)) (cf. Example 2). We note that the sheaf $7^ of holomorphic 1- 

forms on Ag{n) is isomorphic to Symm^(E). This sheaf can be extended over a toroidal 
compactification Ag of Ag to an isomorphism 

^\ (logD) ^ Symm2(E), 

where the boundary D = — is the divisor with normal crossings. Similarly to each 
finite dimensional representation (p, V^) of GL{g,C), we may associate the vector bundle 

■.= Tg{n)\{MgXVp) 

by identifying {i},v) with (7 • n,p{Crt + D)v), where $7 G H^, v £Vp and 7 = G 
Tg{n). Obviously Ep is a holomorphic vector bundle over Ag{n) of rank dimV^. 
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10. Subvarieties of the Siegel Modular Variety 

Here we assume that the ground field is the complex number field C. 

Definition 9.1. A nonsingular variety X is said to be rational if X is birational to a pro- 
jective space P"'(C) for some integer n. A nonsingular variety X is said to be stably rational 
if X X F^[C) is birational to P^(C) for certain nonnegative integers k and N. A nonsingular 
variety X is called unirational if there exists a dominant rational map ip : P"(C) — > X for 
a certain positive integer n, equivalently if the function field C{X) of X can be embedded 
in a purely transcendental extension C(zi, ■ ■ ■ , Zji ) of C. 

Remarks 9.2. (1) It is easy to see that the rationality implies the stably rationality and 
that the stably rationality implies the unirationality. 

(2) If X is a Riemann surface or a complex surface, then the notions of rationality, stably 
rationality and unirationality are equivalent one another. 

(3) Griffiths and Clemens [22] showed that most of cubic threefolds in P'^(C) are unirational 
but not rational. 

The following natural questions arise : 

Question 1. Is a stably rational variety rational? Indeed, the question was raised by 
Bogomolov. 

Question 2. Is a general hypersurface X C P"^"^(C) of degree d < n + 1 unirational? 

Definition 9.3. Let X be a nonsingular variety of dimension n and let Kx be the canon- 
ical divisor of X. For each positive integer m E we define the m- genus Pm{X) of X 

by 

P^{X) ■.= d\mcH\X,0{mKx)). 
The number Pg{X) := Pi{X) is called the geometric genus of X. We let 

N{X) := { m G Z+ I > 1 } . 

For the present, we assume that N{X) is nonempty. For each m E N{X), we let {4>o, • • • , i?i>Ar„} 
be a basis of the vector space H^{X, 0{mKx))- Then we have the mapping ^mKx '■ — 
P^'"(C) by 

^mKxiz) ■■= (Mz) ■ ■ ■ ■ ■ 4>N^{z)), ze X. 

We define the Kodaira dimension k{X) of X by 

k{X) := max { dime ^mK'xi^) I ^ ^i^) } ■ 

If N(X) is empty, we put k{X) := —oo. Obviously k.{X) < dimcX. A nonsingular variety 
X is said to be of general type if k{X) = dimcX. A singular variety Y in general is said to 
be rational, stably rational, unirational or of general type if any nonsingular model XofY 
is rational, stably rational, unirational or of general type respectively. We define 

PmiY) := Pm{X) and k{Y) := k{X). 

A variety Y of dimension n is said to be of logarithmic general type if there exists a smooth 
compactification y of y such that D ■.= Y — Y is a divisor with normal crossings only and 
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the transcendence degree of the logarithmic canonical ring 

e^^oH'^iY, miKy + [D])) 

is n + 1, i.e., the logarithmic Kodaira dimension of Y is n. We observe that the notion of 
being of logarithmic general type is weaker than that of being of general type. 

Let Ag := rg\E[g be the Siegel modular variety of degree g, that is, the moduli space 
of principally polarized abelian varieties of dimension g. It has been proved that Ag is of 
general type for 5 > 6. At first Freitag |33j proved this fact when g' is a multiple of 24. Tai 
|134j proved this fact for 5 > 9 and Mumford jlOSj proved this fact for g > 7. Recently 
Grushevsky and Lehavi [36] announced that they proved that the Siegel modular variety Aq 
of genus 6 is of general type after constructing a series of new effective geometric divisors 
on Ag. Before 2005 it had been known that Ag is of general type for g > 7. On the other 
hand, Ag is known to be unirational for g < 5 : Donagi [26j for g = 5, Clemens |21j for 
g = A and classical for g < 2>. For (7 = 8, using the moduli theory of curves, Riemann 
[TT2] . Weber [Il2] and Frobenius [37] showed that ^3(2) := r3(2)\]H3 is a rational variety 
and moreover gave 6 generators of the modular function field KiV^.i'^)) written explicitly 
in terms of derivatives of odd theta functions at the origin. So ^3 is a unirational variety 
with a Galois covering of a rational variety of degree [Fs : F3(2)] = 1,451,520. Here F3(2) 
denotes the principal congruence subgroup of F3 of level 2. Furthermore it was shown that 
^3 is stably rational(cf. [75], [E]). For a positive integer fc, we let Tg{k) be the principal 
congruence subgroup of F^ of level k. Let Ag{k) be the moduli space of abelian varieties 
of dimension g with /c-level structure. It is classically known that Ag{k) is of logarithmic 
general type for k > 3 (cf. |102j ). Wang [141] proved that A2{k) is of general type for 
A; > 4. On the other hand, van der Geer [38] showed that .42(3) is rational. The remaining 
unsolved problems are summarized as follows : 

Problem 1. Is ^3 rational? 

Problem 2. Are A4,, A^ stably rational or rational? 

Problem 3. What type of varieties are Ag{k) for g >3 and k >2? 

We already mentioned that Ag is of general type if g > 6. It is natural to ask if the subva- 
rieties of Ag {g > 6) are of general type, in particular the subvarieties of Ag of codimension 
one. Freitag [36] showed that there exists a certain bound go such that for g > go, each 
irreducible subvariety of Ag of codimension one is of general type. Weissauer [145] proved 
that every irreducible divisor of Ag is of general type for g > 10. Moreover he proved that 
every subvariety of codimension < g — 13 in is of general type for g > 13. We observe 
that the smallest known codimension for which there exist subvarieties of Ag for large g 
which are not of general type is g — 1. Ai x Ag^i is a subvariety of Ag of codimension g — 1 
which is not of general type. 

Remark. Let Mg be the coarse moduli space of curves of genus g over C. Then Aig is 
an analytic subvariety of Ag of dimension 3g — 3. It is known that Mg is unirational for 
g < 10. So the Kodaira dimension K{A4g) of A4g is —00 for g < 10. Harris and Mumford 
[39] proved that Aig is of general type for odd g with g > 25 and ^(^^23) > 0. 
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11. Proportionality Theorem 

In this section we describe the proportionality theorem for the Siegel modular variety 
following the work of Mumford |1U2| . Historically F. Hirzebruch first described a 
beautiful proportionality theorem for the case of a compact locally symmetric variety in 
1956. We shall state his proportionality theorem roughly. Let D be a bounded symmetric 
domain and let F be a discrete torsion-free co-compact group of automorphisms of D. We 
assume that the quotient space ■= T\D is a compact locally symmetric variety. We 
denote by D the compact dual of D. Hirzebruch ^57j proved that the Chern numbers of 
Xr are proportional to the Chern numbers of D, the constant of proportionality being the 
volume of X-p in a natural metric. Mumford [102j generalized Hirzebruch's proportionality 
theorem to the case of a noncompact arithmetic variety. 

Before we describe the proportionality theorem for the Siegel modular variety, first of 
all we review the compact dual of the Siegel upper half plane Mg. We note that Mg is 
biholomorphic to the generalized unit disk Dg of degree g through the Cayley transform 
(2.7). We suppose that A = (Z^^, ( , )) is a symplectic lattice with a symplectic form ( , ). 
We extend scalars of the lattice A to C. Let 

2)g := { L C C^^ I dime L = g, {x, y) = for all x, y e L } 

be the complex Lagrangian Grassmannian variety parameterizing totally isotropic subspaces 
of complex dimension g. For the present time being, for brevity, we put G = Sp{g,M.) and 
K = U{g). The complexification Gc = Sp{g,C) of G acts on 2)^ transitively. If H is the 
isotropy subgroup of Gc fixing the first summand C^, we can identify 2)^ with the compact 
homogeneous space Gc/H. We let 

2)+ := { L G 2)g I - i{x, x) > for all x(/ 0) G L } 

be an open subset of SJ)^. We see that G acts on 2)^ transitively. It can be shown that 2)^ 
is biholomorphic to G/K = Mg. A basis of a lattice L G 2)^ is given by a unique 2g x g 
matrix ^{—Ig ^) with O G Mg. Therefore we can identify L with O in Mg. In this way, we 
embed Mg into 2)^ as an open subset of 2)^. The complex projective variety 2)^ is called 
the compact dual of Mg. 

Let F be an arithmetic subgroup of Tg. Let Eq be a G-equivariant holomorphic vector 
bundle over Mg = G/K of rank n. Then Eq is defined by the representation r : K — > 
GL{n, C). That is, Eq = G C" is a homogeneous vector bundle over G/K. We naturally 
obtain a holomorphic vector bundle E over Ag^r '■= T\G/K. E is often called an automorphic 
or arithmetic vector bundle over Ag^r- Since K is compact, Eq carries a G-equivariant 
Hermitian metric /iq which induces a Hermitian metric h on E. According to Main Theorem 
in |102j . E admits a unique extension £^ to a smooth toroidal compactification Ag^r of 
Ag^r such that /i is a singular Hermitian metric good on Ag^r- For the precise definition 
of a good metric on Ag^r we refer to [102| p. 242]. According to Hirzebruch-Mumford's 
Proportionality Theorem (cf. [1021 p. 262]), there is a natural metric on G/K = Mg such 
that the Chern numbers satisfy the following relation 

(11.1) c"(^) = (-l)5f(9+i)vol(F\H3) c"(^o) 
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for all a = (oi, • • • , a„) with nonegative integers Qi (1 < i < n) and X^ILi '^i ~ \9{9 + 1)' 
where Eq is the Gc-equi variant holomorphic vector bundle on the compact dual 2)^ of Hg 
defined by a certain representation of the stabilizer StabGj,(e) of a point e in 2)c,. Here 
vol (r\EIg) is the volume of T\M.g that can be computed (cf. [131J)- 

Remark 11.1. Goresky and Pardon [l2] investigated Chern numbers of an automorphic 
vector bundle over the Baily-Borel compactification X of a Shimura variety X. It is known 
that X is usually a highly singular complex projective variety. They also described the 
close relationship between the topology of X and the characteristic classes of the unique 
extension TX of the tangent bundle TX of X to a smooth toroidal compactification X of 
X. 

12. Motives and Siegel Modular Forms 

Assuming the existence of the hypothetical motive M{f) attached to a Siegel modular 
form / of degree g, H. Yoshida [161j proved an interesting fact that M(f) has at most g + 1 
period invariants. I shall describe his results in some detail following his paper. 

Let E be an algebraic number field with finite degree / = [ii^ : Q]. Let Je be the set of all 
isomorphisms of E into C. We put R = -B^qC. Let M be a motive over Q with coefficients 
in E. Roughly speaking motives arise as direct summands of the cohomology of a smooth 
projective algebraic variety defined over Q. Naively they may be defined by a collection 
of realizations satisfying certain axioms. A motive M has at least three realizations : the 
Betti realization, the de Rham realization and the A-adic realization. 

First we let Hb{M) be the Betti realization of M. Then Hb{M) is a free module over E 
of rank d := d{M). We put Hb{M)c := Hb{M) ®q C. We have the involution Foo acting 
on Hb{M)c F-linearly. Therefore we obtain the the eigenspace decomposition 

(12.1) Hb{M)c = H+{M) e Hg{M), 

where H^{M) (resp. H^{M)) denotes the (+l)-eigenspace (resp. the (—1) -eigenspace) 
of Hb{M). We let (resp. d~) be the dimension H^{M) (resp. H~^{M)). Furthermore 
Hb{M)c has the Hodge decomposition into C- vector spaces: 

(12.2) HBiM)c = i/P'«(M), 

where HP''J(M) is a free i?-module. A motive M is said to be of pure weight w := w{M) 
if HP'^{M) = {0} whenever p + q ^ w. From now on we shall assume that M is of pure 
weight. 

Secondly we let Hd^^{M) be the de Rham realization of M that is a free module over E 
of rank d. Let 

(12.3) Hbr{M) = ^ 3 . . . 3 F*- ^ F^^+i = {O} 

be a decreasing Hodge filtration so that there are no diff'erent filtrations between successive 
members. The choice of members may not be unique for F*". For the sake of simplicity, 
we assume that v is chosen for 1 < i/ < m so that it is the maxium number. We put 



= rank i?^-^ (M), 1 < u < m, 
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where rank means the rank as a free i?-module. Let 

/ : HBiM)c i^DR(M)c = Huk{M) (S)e C 
be the comparison isomorphism which satisfies the conditions 

(12.4) I I HP''i{M) I = C. 

\p'>p J 

According to (12.4), we get 

s,, = dime F'"^ - dime F'-'+i, diuiE F^'' = Si, + s^+i -\ \- Sm, l<v<m. 

We choose a basis {wi, • • • , Wd\ of H-£)^{M) over E so that [ws■^+s2-\ vs^-i+ii ' " ^ ^d} 

a basis of F^" fov 1 < u < m. We observe that 

(12.5) d = si + S2 -\ + Sm all s,^ > with 1 < u < m. 

We arc in a position to describe the fundamental periods of M that Yoshida introduced. 
Let ,V2, • • • , i^jV } (resp. (f j~, t;^, • • • , v'^_ } ) be a basis of Hq{M) (resp. H^{M)) over 
E. Writing 

d 

(12.6) I{vf) = Y,4jWi. 4j^R, l<j<d^, 

1=1 

we obtain a matrix = (xf-) G Ri'^''^'^) and a matrix = (x~-) G R^'^''^ ). We recall 

that denotes the set of all m x ra matrices with entries in R. Let Pm be the lower 

parabolic subgroup of GL{d) which corresponds to the partition (12.5). Let Pm{E) be the 
group of F-rational points of Pm- Then the coset of X+ (resp. X~) in 

PM{E)\R^^'^^yGL{d+,E) (resp. Pm{E)\R^'^^'^~^ /GL{d- ,E)) 

is independent of the choice of a basis. We set Xm = G R^'^''^\ Then it is easily 

seen that the coset of Xm in 

PM{E)\R^'^^'^'^/{GL{d+,E) X GL{d-,E)) 

is independent of the choice of a basis, i.e., well defined. A dx d matrix Xm = iX'^,X~) 
is called a period matrix of M. 

For an m-tuplc (ai, • • • , am) G of integers, we define a character Ai of Pm by 

//Pi ... 0\\ 

* P2 ... ™ 

Ai . . = JTdet(P,)"^ Pj G GL(sj), 1 < j < m. 

\ \ * * * PmJ I 

For a pair (A;"*", A;~) of integers, we define a character A2 of GL{d'^) x GL{d~) by 

((0 p)) " (det A)'=^(det5)'=^ A G GL((i+), B G GL((i-). 

A polynomial / on R^'^^'^'f rational over Q is said to be of the type {(cii, • • • , a^); (A;"^, A")} 
or 0/ the type (Ai, A2) if / satisfies the following condition 

(12.7) fipxq) = \i{p)X2{q)f{x) for all pePM,qe GL{d+) x GL{d-). 
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We now assume that / is a nonzero polynomial on of the type {(ai, • • • , flm); (^^i ^~)}- 

Let Xm = {X^,X~) be a period matrix of a motive M as before. Then it is clear that 
/{Xm) is uniquely determined up to multiplication by elements in . We call /{Xm) a 
period invariant of M of the type {(ai, • • • ,am); ik~^ , ^~)}- Hereafter we understand the 
equality between period invariants mod . 

We now consider the following special polynomials of the type (Ai, A2) : 

I. Let f{x) = det(x) for x G R^'^''^l 

It is easily seen that f{x) is of the type {(1, 1, • • • , 1); (1, 1)}. Then /{Xm) is nothing 
but Deligne's period 6{M). 

II. Let f^{x) be the determinant of the upper left x d^-submatrix of x G R^'^''^\ It IS 
easily checked that f~^{x) is of the type 

p+ 

{(lX^,0,...,0);(l,0)}, 

where is a positive integer such that si + S2 + • • • + Sp+ = We note that /"'"(X^/) is 
Deligne's period c"'"(M). 

III. Let f~{x) be the determinant of the upper right d~ x d^-submatrix of x. Then f~{x) 
is of the type 

p~ 

{(lX^,0,...,0);(0,l)} 

and /'{Xm) is Deligne's period c~(M). Here p~ is a positive integer such that si + S2 + 
\- Sp- = d~. 

Either one of the above conditions is equivalent to that F^{M), hence also c^{M) can be 
defined (cf. 123], §1, [HO], §2). We have F^{M) = F'p^+^{M); F^{M) can be defined if M 
has a critical value. Let V = V{M) denote the set of integers p such that si + S2 + ■ ■ ■ + Sp < 
mm{d'^ ,d~). Yoshida (cf. |161j . Theorem 3) showed that for every p £ V, there exists a 
non-zero polynomial fp of the type 

p m—2p p 

{(2^^, i~^,or^); (1, 1)} 

and that every polynomial satisfying (12.7) can be written uniquely as a monomial of det(x), 
f+{x), r{x), fp{x), pGV.We put Cp{M) = fp{XM). We caU 6{M), c^{M), Cp{M), p€V 
the fundamental periods of M. Therefore any period invariant of M can be written as a 
monomial of the fundamental periods. Moreover Yoshida showed that if a motive M is 
constructed from motives Mi, • • • , Mt of pure weight by standard algebraic operations then 
the fundamental periods of M can be written as monomials of the fundamental periods of 
Ml, • • • , Mf . He proved that a motive M has at most min((i+, d~) + 2 fundamental periods 
including Deligne's periods 6{M) and c^(M). 

Thirdly we let H\{M) be the A-adic realization of M. We note that H\{M) is a free 
module over E\ of rank d. We have a continuous A-adic representation of the absolute 
Galois group Gq = Gal(Q/Q) on H\{M) for each prime A. Also there is an isomorphism 
I\ : Hb{M) ®e Ex — > Hx{M) which transforms the involution F^o into the complex 
conjugation. 

We recall that an integer s = n is said to be critical for a motive M if both the infinite 
Euler factors L^{M,s) and Loo(M,s) are holomorphic at s = n. Here L{M,s) denotes 
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the complex L-function attached to M and M denotes the dual motive of M. Such values 
L(M,n) are called critical values of L{M,s). Deligne proposed the following. 
Conjecture (Deligne [24J). Let M be a motive of pure weight and L{M, s) the L-function 
of M. Then for critical values L{M,n), one has 

^^^'"^ GE, d^:=d^iM), ±l = (-ir. 



(27ri)'^* c±(M) 

Indeed Deligne showed that c^(M) E and Yoshida showed that other period invariants 
are elements of . 

Remark 12.1. The Hodge decomposition (12.2) determines the gamma factors of the con- 
jectural functional equation of L{M,s). Conversely the gamma factor of the functional 
equation of L{M, s) determines the Hodge decomposition if M is of pure weight. 

Let / G Sk{Tg) be a nonzero Hecke eigenform on Mg. Let Lst{s,f) and Lsp{s,f) be 
the standard zeta function and the spinor zeta function of / respectively. For the sake of 
simplicity we use the notations Lst(s,/) and Lsp{s,f) instead of Df{s) and Zf{s) (cf. §8) 
in this section. We put w = kg — \g{g + 1). We have a normalized Petersson inner product 
( , ) on Sk{Tg) given by 

{F,F) = Yo\{Tg\mg)-^ [ \f{n)mdetY)''-'-\dX][dY], F G Sk{Tg), 

where Q = X + iY £ Mg with real X = (x^^), Y = {yf_iu), [dX] = /\^<iydx^i, and [dY] = 

We assume the following (A1)-(A6) : 
(Al) The Fourier coefficients of / are contained in a totally real algebraic number field E. 
(A2) There exist motives Mgt(/) and Msp(/) over Q with coefficients in E satisfying the 
conditions 

L{MM,s) = {L,tis,fn)^eJ^ and L{M,pif), s) = {L,p{s, f^) ^^j^- 

(A3) Both Mst(/) and Msp(/) are of pure weight. 
(A4) We assume 

23+1 

/\ MM = T(0), 
Hb{MM) ®Q C = //0'0(Mst(/)) 

i=l 

We also assume that the involution Foo acts on iJ°'°(Mst(/)) by (-1)^. 
(A5) We assume 

f\M,p{f)^T{23-\ 



Hb{M,M)) ®Q C = 0i/P''?(Msp(/)), 



p,<i 
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p = {k - ii) + {k - i2) h (A; - ir), q = (k - ji) + {k - j2) ~\ h (A; - js), 

r + s = g, I <ii < ■ ■ ■ < ir < g, I < ji < ■ ■ ■ < js < 9, 
{h,-- ■ , v} U {ji, • • • ,js} = {1,2, ... ,5}, 
including the cases r = or s = 0. 

(A6) If w = kg — \g{g + 1) is even, then the eigenvalues +1 and —1 of F^o on H^'P{Msp{f)) 
occur with the equal multiplicities. 

Let Je = {<Ti,cr2,. . . ,CTz}, l = [E -.Q] and write x£R = C'^s as a; = {x'^'^\ x^^\ ■ ■ ■ 
x^*^ G C so that x^*^ = x*^' for x £ E. Yoshida showed that when k > 2g, assuming Deligne's 
conjecture, one has 



c 



(M,t(/)) = 7r^5((r,r)) 



He proved the following interesting result (cf. Yoshida [161] . Theorem 14). 

Theorem 12.1. Let the notation be the same as above. We assume that two motives over 
Q having the same L-function are isomorphic (Tate's conjecture). Then there exist pi, p2, 
■ ■ ■ , Pr S C^, 1 < r < g -\- 1 such that for any fundamental period c £ of Mst{f) or 
Msp{f), we have 

c^ ' = an Pi P2 ■ • -Pr 
with Q G and non-negative integers A, Oi, 1 < i < r. 

Remark 12.2. It is widely believed that the zeta function of the Siegel modular variety 
Ag := rg\]HIg can be expressed using the spinor zeta functions of (not necessarily holomor- 
phic) Siegel modular forms: 

C{s,Ag) ■=[]Lsp(s,/). 

/ 

Yoshida proposed the following conjecture. 

Conjecture (Yoshida [I6IJ). If one of two motives Mst{f) and Msp{f) is not of pure 
weight, then the associated automorphic representation to f is not tempered. Furthermore 
f can be obtained as a lifting from lower degree forms. 

13. Remark on Cohomology of a Shimura Variety 

First we recall the definition of a Shimura variety. Let (G, X) be a Shimura datum as 
in [971 p. 322] or [56l pp. 321-322] so that G is a connected reductive group over Q and X 
is a finite disjoint union of symmetric Hermitian domains, homogeneous under G(M). The 
points of X correspond to homomorphism 

hx '■ Sr = Resr/w(Gm,) — > Gro = G xo M 



satisfying the following axioms (D.l) and (D.2). For convenience, we list the axioms for a 
datum (G, X) (cf. [971 P- 322]) : 

(D.l) for each x £ X, the Hodge structure on q defined by is of type {(—1, 1), (0,0), 

(1,-1)}; 

(D.2) for each x, ad hx{i) is a Cartan involution on G^; 

(D.3) G^'^ has no factor defined over Q whose real points form a compact group ; 
(D.4) the identity component of G{G)^ of the center Z{G) of G splits over a CM-field. 
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Here g denotes the Lie algebra of G and denotes the adjoint group of G. Axiom 
(D.4) is not in DeUgne's hst of axioms [in Varietes de Shimura : interpretation modulaire, 
et techniques de construction de modeles canoniques, Proc. Symp. Pure Math., A.M.S. 33, 
Part 2 (1979), 247-290]. For an open compact subgroup K of G{Af), we consider 

ShK{G,X) := G{q)\X X G{Af)/K, 

where 

q{x,a)k = {qx,qak), q G G(Q), x £ X, a£ G{Af), k £ K. 

Endowed with the quotient topology this is a Hausdorff space with finitely many connected 
components, each of which is isomorphic to r\X"'" for any connected component X"*" of X 
and some arithmetic subgroup T C G(Q). The space Sh^iG, X) is a quasi-projective com- 
plex algebraic variety. Sh^^G, X) has a canonical model over the reflex field E(G, X). This 
is a normal quasi-projective scheme over E(G, X) together with an isomorphism between 
the complex space of its C- valued points and ShK{G,X). Let 

Sh{G,X) :=lim ShK{G,X). 

K 

Then this is a scheme over C whose complex points are 

Sh{G,X) := G(Q)\X x G(Ay)/Z(Q)-, 

where Z(Q)~ is the closure of 2'(Q) in Z{Kf). One has a natural continuous action of 
G(A/) on Sh{G,X) given by 

(13.1) [x,a]h = [x,ah], x e X, a,h£G{Af). 

The scheme Sh{G,X) together with the above action (13.1) is called the Shimura variety 
defined by (G, X). By a model of Sh{G,X) over a subfield E of C, we mean a scheme 
S defined over Q together with a £^-rational action of G{Af) such that there is a G{Af)- 
equivariant isomorphism (over C) 

Sh{G,X) ^S^eC. 

Example 13.1. Let G = GSp{2) be the group of symplectic similitudes of degree 2. We 
fix a morphism 

/lo : Sm — > Gr = G xqM 

by requiring that 

C>^ = Sm 9 X + (j'^^J^ e GSp{2,R). 

The G(M)-conjugacy class of the homomorphism ho is analytically isomorphic to the union 
X^ := X~^ U X^ of the Siegel upper and lower half planes of degree two. The pair 
{GSp2, X^) defines a Shimura variety Sh{GSp2,X^) which is the Siegel modular variety 
of degree two. Its reflex filed is Q. 

Example 13.2. Let F be a totally real number field and let G = GL{2,F) so that G(M) = 
nHom(F,M) Let X be the set of G(M)-conjugates of ho : Sr — ^ Gr = G Xq M 

given by 

Ma + »)=((^ -'),(» -„').-. -„")). a + «6C(a,66E). 
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Then X is a point of [E : Q] copies of C — M, and {G,X) satisfies the axioms (D.1)-(D.2). 
The Shimura variety is nothing but the so-cahed Hilbert modular variety. 

It is weh known that every Shimura variety Sh{G, X) has a unique canonical model 
Sh{G,X)E over the reflex field E{G,X) (cf. [971 Theorem 5.5]). Sh{G,X) may be viewed 
as a parameter space for a family of motives (cf. [97', 11. §3]). The determination of the zeta 
function of a Shimura variety and its expression in terms of L-functions of automorphic rep- 
resentations is viewed by Langlands as a higher dimensional version of Artin reciprocity. It 
is known that there exists a smooth compactification of a Shimura variety Sh(G, X) (cf. [97^ 
p. 395]). There is a notion of a mixed Shimura variety which we will not consider here. 
Goresky and Pardon [42j showed that the minimal compactification of a Shimura variety 
resembles a smooth projective variety in that one can define its Chern classes in coho- 
mology with complex coefficients and that one can also define the Chern classes of an 
automorphic vector bundle as cohomology classes on the minimal compactification with 
complex coefficients. Zucker |167] treated several topological compactifications (e.g., the re- 
ductive Borel-Serre compactification, the minimal compactification) of a Shimura variety 
as algebraic varieties and constructed mixed Hodge structures on their cohomology groups. 
In [166j Zucker proved that the L^-cohomology of a certain Shimura variety is canonically 
isomorphic to the ordinary cohomology of its reductive Borel-Serre compactification. Co- 
jectures of Beilinson and Deligne predict the existence of extensions of mixed motives which 
should be become visible in the cohomology of open varieties over number fields. Harris and 
Zucker [52j proved that mixed Hodge-De Rham structures arise naturally in the boundary 
cohomology of automorphic vector bundles on Shimura varieties. The theory of automor- 
phic vector bundles on Shimura varieties has been studied by Harris et al (cf. [50l[51], [IS])- 
For the theory of the cohomology of arithmetic varieties we also refer to \115\ \116\ I117j and 
|89| . R. Charney and R. Lee [20] showed that the stable cohomology of the Satake cohomol- 
ogy Ag of Ag contains a polynomial algebra which coincides with the stable cohomology of 
the compact dual 2)g of Mg. We note that the intersection cohomology IH* [Ag, C) contains 
a copy of H*{^g,C). For the theory of the cohomology of the Siegel modular variety (in 
particular of degree two) we refer to [20] , [581 [59] , [87] , [HH] and [TMIT25] . 

Labesse and Schwermer [85] used two kinds of lifting of an irreducible automorphic rep- 
resentation vr of GL{2, Ap) with F a global field to obtain the nonvanishing of certain 
cusp cohomology classes which correspond to nondiscrete representations. One lift is the 
lifting of vr to a representation of GL{2, Ak) introduced by Langlands [86j, where K is a 
cyclic extension of F of prime degree or a cubic extension of F. The other is the so called 
Gelbart-Jacquet lifting of vr to a representation of GL{3, Ap) via the adjoint representation 

(cf. m)- 
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